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The subjects of interest in this book — means and double sequences — are gen- 
erally associated with the names of great mathematicians such as Pythagoras, 
Archimedes, Heron, J.L. Lagrange, and C.F. Gauss, to list but a few of the more 
famous names. 

With this book we continue the subject developed in some of our previous 
papers. Some computations needed for obtaining some of our results were per- 
formed using the computer algebra program Maple. 

We hope that this book clearly addresses the modern possibilities of devel- 
oping an old subject such as the one given by C.F. Gauss on double sequences, 
assisting those interested in the history of the subject, as well as researchers 
willing to go further in some of the indicated directions. 
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Introduction 


Motivation for this book 


The subjects of interest in this book — means and double sequences — are gen- 
erally associated with the names of great mathematicians such as Pythagoras, 
Archimedes, Heron, J.L. Lagrange , and C.F. Gauss, to list but a few of the more 
famous names. Therefore we have to begin with a short introduction into the 
history of mathematics. Passing then to the current stage of development in the 
field of means and double sequences, we, as the authors, will refer to our own 
results, most of which have been published in Romanian journals with limited 
distribution and may therefore be less known. This doesn’t mean that even one 
relevant result known to us will be omitted. 

Throughout the book, references to papers and books are indicated with the 
name of the author (authors) followed by the year of publication. If an author 
(or a group of authors) is (are) present in the list of references with more pa- 
pers published in the same year, small letters are appended to the corresponding 
year. 

With this book we continue the subject developed in Toader and Toader 
(2005), passing from Greek means to arbitrary means. By Greek means we 
refer to the means defined by the Pythagorean school. These were presented 
by Pappus of Alexandria in his books in the fourth century AD (see Pappus, 
1932) and they include six (unnamed) means, along with the four well-known 
means: 

— the arithmetic mean 4, defined by 


b 
en el 


,a,b>0; 
— the geometric mean G, given by 
G(a, b) =~Vab, a,b >0; 


—the harmonic mean H, with the expression 


2ab 
a+b’ 


H (a,b) = a,b>0; 
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— the contraharmonic mean C, defined by 


a2 +b 


b) = 
C(a, b) reer 


,a,b>0. 


Chapter 1 


Chapter | of the book presents some classical problems involving double 
sequences. The oldest problem involving double sequences was given by 
Archimedes of Syracuse (287-212 BC) in his book Measurement of the Cir- 
cle. The problem he was trying to solve was the evaluation of the number zr, 
defined as the ratio of the perimeter of a circle to its diameter. 

Consider a circle of radius 1. Denoting by p, and P,, the half of the perime- 
ters of the inscribed and circumscribed regular polygons with n sides, respec- 
tively, we have 


Pn << Py, n= 3. 
To obtain a good estimation, Archimedes passes from a given n to 2n, proving 
his famous inequalities 


10 1 
3.1408 < 357 < p96 < 1 < Pop < 35 < 3.1429. 


As it was shown in Phillips (1981), the procedure can be presented as a dou- 
ble sequence. Denoting Px, = ax and pr, = by, the sequences (ax)x>0 and 
(bx)k>0 are given, step by step, by the relations 


ap = H (ag, be), beg = Gans, de), k = 0, 


for some initial values ag and bo. These sequences are monotonously convergent 
to acommon limit, which, for 0 < bo < ag, has the value 


agbo 0 
arcCos 


{2 42 ao 
ay — bo 


ay = P3 = 3V3 and bo = p3 = 3V3/2, 


In Archimedes’ case 


thus the common limit is 2. In Borwein and Borwein (1983a, 1984), the au- 
thors describe another form of a double sequence (related also to the Gaussian 
arithmetic-geometric mean iteration), that is quadratically convergent to z. 
Also, Newman (1985) defines an alternate version of the arithmetic-geometric 
mean. 

A second example of double sequences is provided by Heron’s method of 
extracting square roots (as it is given in Bullen, 2003). To compute the geometric 
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root of two numbers a and b, Heron used the arithmetic mean together with the 
harmonic mean. Letting a9 = a and bo = b, we can define 


ay = H (ag, by), bez = Alag, by), k = 0. 


It is proven that the sequences (ax)x>0 and (bx)x>0 are monotonously conver- 
gent to the common limit ab. Of course, the procedure was used only as an 
approximation method, the notion of limit being unknown in Heron’s time. 
The third example is Lagrange’s method of determining certain irrational 
integrals. In Lagrange (1784-1985), for the evaluation of an integral of the form 


| N(y?)dy 
V0 py) + 42y?) 
where N is a rational function, an iterative method is defined which leads to the 


rationalization of the function. As we shall see, a double sequence was defined 
by ao = p, bo = q, and 


The same double sequence was considered in Gauss (1800), but only published 
many years later. For ap = /2 and bo = 1, Gauss remarked that a4 and b4 have 
the same first eleven decimals as those determined in Euler (1782) for the inte- 
gral 


1 
2 
zdz 
2 i 
v1—z4 
0 
In fact the sequences (ax)x>0 and (bx)x>0 are monotonously convergent 
to a common limit, which is now referred to as the arithmetic-geometric 
meanarithmetic-geometric mean (AGM for short) and it is denoted by A @ 


G(a, b). Later, Gauss was able to represent the arithmetic-geometric mean us- 
ing an elliptic integral, by 


IT m/2 do ? 
A® Gla, b)= =: / : 
2 0 Va2cos26 + b2 sin2 6 


As it is well known, this result is used for numerical evaluation of the elliptic 
integral. 

The arithmetic-geometric mean or some similar defined means were stud- 
ied in many other papers that were not explicitly mentioned in the book, like 
Borchardt (1861, 1876), Cioranescu (1936), Cox (1985), Myrberg (1958a), 
Borwein and Borwein (1989), Schoenberg (1978) and many others. 
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Chapter 2 


Chapter 2 is devoted mainly to those aspects of the theory of means needed 
in the study of double sequences. We consider some methods of constructing 
means, some inequalities between means, and we study some operations with 
means (as, for example, in Toader and Toader, 2006a). For the study of double 
sequences (which will follow in the next chapter), the most important notions 
are those of invariance and of complementariness of means. If 


P(M,N)=P, 


we call the mean P to be (M, N)-invariant and the mean WN to be the com- 
plementary of the mean M with respect to the mean P. In Toader and Toader 
(2005), by direct computation, there were determined the ninety complemen- 
taries of a Greek mean with respect to another. For other special means, some 
problems of invariance were solved as functional equations. Here, in order to 
determine the complementary of an arbitrary mean with respect to another in a 
given family of means, we use the series expansion of means. The computations 
were performed using the computer algebra program Maple, as it is presented in 
Heck (2003). Many results regarding the complementariness, for example with 
respect to weighted Gini means or Stolarsky means, cannot be obtained without 
the help of computer algebra. We have to solve complicated systems of nonlin- 
ear equations, sometimes printed on more pages. Though obtained with the help 
of a computer, the results can be easily verified. Since the complementary of a 
mean with respect to another can be a pre-mean (thus a reflexive function), we 
transpose some properties from means to pre-means. We also study the prob- 
lem of invariance in some families of means. Thus we determine some triples of 
means with the property that one of them is invariant with respect to the other 
two. 


Chapter 3 


In Chapter 3 of the book we focus on the general definition of double sequences. 
Namely, the Greek means, which appear in the examples from Chapter |, are 
replaced by arbitrary means M and N. Before doing this, we have to remark 
that the essential difference between the first example and the other examples 
is the use of ax41 in the definition of by,,. Therefore we can define double 
sequences of type 


A414 = M (ag, bx), bez = N (ax+1, dx), k = 0, 


which are referred to as Archimedean double sequences in Phillips (1981), or of 
the type 
ax+1 = M (ag, bx), bk+1 = N (ak, bx), k = 0, 


referred to as Gaussian double sequences in Foster and Phillips (1984). 
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Related to a given Gaussian double sequence, the first problem which was 
studied is that of the convergence of the sequences (ax)z>0 and (bx)x>0 to 
a common limit. In this case it is proven that the common limit defines a 
mean, denoted by M @ N, and called the compound mean of M and N. 
There are many papers which deal with this problem, for example Schering 
(1878), Frisby (1879), Hettner (1880), Stieltjes (1880), Fricke (1901-1921), von 
David (1907, 1909, 1913, 1928), Gosiewski (1909), Tonelli (1910), Kammerer 
(1925), Geppert (1928, 1932, 1933), von Biiltzingsloven (1933), Barna (1934, 
1939), Mohr (1935), Aumann (1935), Cioraénescu (1936a), Uspensky (1945), 
Farag6 (1951), Tietze (1952-1953), Stohr (1956), Andreoli (1957a), Veinger 
(1964), Zhuravskii (1964), Gatteschi (1966, 1982), Rosenberg (1966), Allasia 
(1969-1970, 1970-1971, 1971-1972, 1983), Kuznecov (1969), Fuchs (1972), 
Heinrich (1981), Arazy et al. (1985), Reyssat (1987), Toader (1987b), Lohn- 
sein (1888, 1888a), Grayson (1989), Peetre (1989, 1991), Claesson and Peetre 
(1990), Bullett (1991), Sandor (1994). In Foster and Phillips (1985), Toader 
(1990, 1991), and Costin and Toader (2004, 2004a) one looks after minimal 
conditions on the means M and N that assure that their compound mean exists. 
Using Gauss composition, Matkowski (2004) solved some problem posed by 
Th.M. Rassias. 

The second main problem related to a given Gaussian double sequence is 
that of the determination of M @ N. Using Gauss’ idea by which he was able 
to give the representation of 4 ® G, in Borwein and Borwein (1987) the fol- 
lowing Invariance Principle is proven: if M ® N exists and is continuous, then 
it is the unique mean P which is (M, N)-invariant. Therefore all the results re- 
lated to invariant means, or equivalently to complementary means, permit the 
construction of a double sequence with known limit. 

Finally, the rate of convergence of the sequences to the common limit is also 
studied. In our cases the rate of convergence is quadratic (or even faster as it is 
suggested by the numerical examples). 


Chapter 4 


The last chapter of the book is related to integral means. Keeping in mind the 
representation of the AGM by an (elliptic) integral mean, in Haruki (1991) the 
author started the study of some integral means of the same nature. They were 
extended in many other papers, arriving at the following expression in Toader 
and Toader (2002a): 


1 20 
Mp qr(a,b) =r! op ! Ea! poq! (4 or(a)-cos?@+qor(b)- sin”6) i , 
0 
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where p,q,r are adequate functions. A recurrence formula and a functional 
equation of Gaussian type are studied. They provide the ability to determine 
some cases in which M, 4, is a given mean. 

We hope that this book clearly addresses the modern possibilities of devel- 
oping an old subject such as the one given by C.F. Gauss on double sequences, 
assisting those interested in the history of the subject, as well as researchers 
willing to go further in some of the indicated directions. 


Chapter 1 


Classical theory of the AGM 


ABSTRACT 

We begin by presenting some classical examples of double sequences. They are related 
to the method of Archimedes for evaluating 7, Heron’s method of extracting square 
roots, Lagrange’s procedure of determining the integral of some irrational functions, and 
Gauss’ approximation of some elliptic integrals. For the definition of these double se- 
quences, the arithmetic mean, the geometric mean, and the harmonic mean are used. 
Other examples of double sequences are related to lemniscatic integrals, of which some 
evaluations Gauss-tied to the study of AGM, Gauss’ ordinary hypergeometric series that 
gives another representation of AGM, and Landen’s transformation that can be applied to 
hypergeometric series. Also, the perimeter of an ellipse can be related to elliptic integrals 
and hypergeometric series. 


1.1 MEASUREMENT OF THE CIRCLE 


The undisputed leader of Greek scientists was Archimedes of Syracuse (287-— 
212 BC). He is well known for many discoveries and inventions in physics and 
engineering, but also for his contributions to mathematics. One of these contri- 
butions is the evaluation of 7, developed especially in his book Measurement of 
the Circle. For its presentation we will use the paper of Phillips (1981) and the 
book of Phillips (2000). We can refer also to the paper of Baxter (1981) and the 
book of Berggren et al. (1997). 

As it is well known, z was defined as the ratio of the perimeter of a given 
circle to its diameter. Consider a circle of radius 1. Let p, and P, denote half of 
the perimeters of the inscribed and circumscribed regular polygons with n sides 
respectively. As Archimedes remarked, for every n > 3, 


Pn <1 < Pp. 


To get an estimation with any accuracy, Archimedes passed from a given n to 2n. 
By simple geometrical considerations, he obtained the relations 


2 = 2np? 
2n We n2 — p2 
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and 
2n Py 


Po), = —————.. 
7 n+ n* + P? 


Beginning with inscribed and circumscribed regular hexagons, with pg = 3 and 
Pe = 24/3, then using the above formulas, he proved his famous inequalities 


10 1 
3.1408 < 37 < p96 < 1 < Pog < 35 < 3.1429. 


In Phillips (1981) and Phillips (2000), Archimedes method is developed dif- 
ferently. As 


. 7 a 
Pn =n-sin— and P, =n-tan—, 
n n 


it follows that 


2 AE 1 TU es 
Pn + Py =n- sin —- | 1+ —— ) =2n- tan — -cos* — 
n cos + n 2n 
20 
cos* =— 2. -P, 
=2. pas Py: ie — = Pn an 
2n - Sin 5, + COS 55 Pap 
and therefore 
P. 2: Pn°- Pn 
2 — 
" Pn t+ Pr 
Other simple calculations yield 
2 3% ud Oe eo 2 
Pn- Pay =2n — ae = 4n* - sin 3 = Pin» 
or 
P2n =V Pn-* Pon. 
Thus 


Poy, = H (Pn, Pn) and pon = G(P2n, Pn) 


where H and G denote the harmonic and the geometric mean defined in the 
Introduction. 

Let us renounce the geometrical origins of the terms P,, and p,, and replace 
the sequences (P2".3)n>0 and (p2".3)n>0 by two positive sequences (dy ),>9 and 
(bn) n>0> defined by 


antl = H (an, by) and basi = G(@n41, by), n= 0, (1.1) 


for some initial arbitrarily chosen values ag and bo. The main property of these 
sequences is given in the following theorem. 
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Theorem 1. The sequences (ay)n>0 and (bn) n>0, defined by (1.1), are monoto- 
nously convergent to a common limit H & G(ao, bo). 


Proof. It is easy to verify the relations 
min(a, b) < G(a, b) < A(a, b) < max(a, b), (1.2) 


famous under the name of arithmetic mean — geometric mean inequality. Their 
direct consequence is 


min(a, b) < H(a, b) < G(a, b) < max(a, b). (1.3) 


Suppose that 0 < ao < bo. It follows that ag < a; < bo, then a, < b; < bo and, 
generally, the assumption ay,—1 < byn— 1 leads to dy—1 < dy < by—) and to ay, < 
bn < bn—\. Therefore, by mathematical induction, it was proven that 


0 <ago <aj <-++ <Q, <blyn <-:- <b < do. 


The sequence (d;),>9 is thus monotonically increasing and bounded above 
by bo. Therefore, it has a limit, say a. Similarly, the sequence (by ),>9 is mono- 
tonically decreasing and bounded below by ao. So, it has the limit 6. Passing to 
the limit in the relation by41 = G(an+1, bn), we get B = G(a, B), thus a = B. 
Similar results, with the a’s and b’s interchanged, can be obtained in the case 
0< bo < do. 


In the next two theorems, the value of the common limit of the sequences 
(4n)n>o and (bn),>0 18 given. These were determined in Phillips (1981). 


Theorem 2. /f 0 < bo < ao, the common limit of the sequences (an)y>9 and 


(n)n>o0 18 
b b 
H & G(ao, bo) = aU yee 
az — b2 40 
0 0 


Proof. As in Archimedes’ case, let 
ag =A-tan@ and bb) =A - sind, 


where 4 > 0 and0 <@ < a Therefore, 
b b 
cos6 = a and sind = a 
do ny 


thus 


bo 
0 = arccos —. 
ao 
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The basic relation sin? 9 + cos” @ = 1 gives 


agbo 


V.% — 5 


A= 


It is easy to see that 
0 6 
a; =2i-tan= and bj = 2/-sin=, 
2 2 
and, generally, by an induction argument, 
0 . oO 
dy, = 2". - tan — and b, = 2") - sin —. 
Qn Qn 
Of course 


lim a, = lim b, =1-8, 
noo noo 


which gives the desired result. 


Remark 1. Regarding the denotation H & G, please refer to Chapter 3 Sec- 
tion 3.1 for general definitions and results. 


Corollary 1. In Archimedes’ case, as 
dag = P3 = 3/3 and bo = p3 = 3/3 /2, 
the common limit is 7. 


Remark 2. To illustrate the resulting approximation process of 7, we have the 
following table: 


an by 
5.1961... | 2.5980... 
3.4641... | 3.0000... 
3.2153... | 3.1058... 
3.1596... | 3.1326... 
3.1460... | 3.1393... 
3.1427... | 3.1410... 
6 | 3.1418... | 3.1414... 
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Theorem 3. /f 0 < do < bo, the common limit of the sequences (dy)y>9 and 
(bn) n>0 is 


b b 
HB G (ao, by) = = cosh! (~) 
b2 — a2 
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Proof. In this case, we can let 
ag =A-tanhé and bb = d- sinhé. 
Therefore, 
bo 


bo : 
coshé = — and sinhé = — 
ao Xr 


b 
6 =cosh! (*) 
ao 


and from the basic relation cosh? 6 — sinh? 6 = 1, 


which gives 


b 
je 900 


2 2 
bo — 49 
We have 
6 _.0 
a yen ani and bj =22.- sinh 3° 


and, generally, by an induction argument, 


0 6 
An = 2" - tanh — and b, = 2”"A- sinh —. 

2" 2" 

Again, 
lim a, = lim b, =1-9, 
noo noo 

which gives the desired result. 
Corollary 2. [f we choose as initial values 


ao =2tand bb =t? +1, t>1, 


the common limit of the sequences (dn)y>9 and (Da) n>o #8 


2r(t? +1 
AO hogs. 


72 — 


Proof. We have 


cosh! x = log(x + Vx? —1), x >1, 


so that for x = bo/ao = (t? + 1)/2t, we obtain cosh! x =logt. 


5 
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Remark 3. If we choose tf = 2, thus ag = 4 and bg = 5, we have the following 
table of values: 


An by 
4.0000... | 5.0000... 
4.4444... | 4.7140... 
4.5752... | 4.6441... 
4.6094... | 4.6267... 
4.6180... | 4.6224... 
4.6202... | 4.6213... 
6 | 4.6208... | 4.6210... 
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Multiplying by 3/20, we get the following evaluation: 
0.69312... < log2 < 0.69316... 
As it is done in Phillips (1981) for the Archimedes’ original algorithm, we 
can prove the following theorem: 


Theorem 4. The rate of convergence of the sequences (ayn)y>9 and (bn) y>09 Can 
be evaluated by the relation 


tin HX G(ao, bo) — Gnt+l1 H & G(ao, bo) — bn+1 = 1 


_ = —, Vao, bo. 
noo HE G(ay, bo) —a, 0% AHBG(a,b)—-b, 4°"? 


Proof. Assume 0 < bo < ag and consider b, = 2”, - sin ar as it was given 


above. Using MacLaurin’s formula for the sinus function, we have 


me 00 03 OF Oth 
by =2"2- eo = aoe “sin J+ In (0, 1), 
or 
0° o4 0-1, 
10 — by =2-( - sin “). 
6-227 24.230 Qn 
Therefore, 
‘ Oty 
XO — bn+i _ ae *sin seh 
20 — by 1— 75 - sin $& 


which gives the desired result in this case. The other three cases can be treated 
similarly. 


The result can be also given as follows: 


Theorem 5. The error of the sequences (dy)y,>9 and (by)y>9 tends to zero 
asymptotically like 1/4”. 
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1.2} HERON’S METHOD OF EXTRACTING SQUARE ROOTS 


Another ancient algorithm of the same nature is Heron’s method of extracting 
square roots. As it is shown in Bullen (2003) (following Heath, 1949, Chajoth, 
1932 and Pasche, 1946, 1948), Heron used the iteration of the arithmetic and 
harmonic means of two numbers to compute their geometric mean. 

To find the square root of a positive number x, choose two numbers a, b with 
0<a<bandab=x. Setting a, =a and b, = b, define 


an+| = H (an, by), bn+1 = A(an, by), n= 0. 
We obtain the following result: 


Theorem 6. The sequences (an),>9 and (bn)y>0 are convergent to the common 
limit 


H ® A(a, b) = Gla, b) = Vx. 
Proof. From (1.2) and (1.3) we have 
min(a, b) < H(a, b) < A(a, b) < max(a, b). 
It follows that 
An <an41 <On41 <bn, n= 0. 
Also, it is easy to see that 


(bn — An)” bn — Gn 


bat — ni = 


2 (bn + Gn) z 
thus 
—a 
by — An < a n>0. 
Taking into account the relation 
Anby = An—{bn—| =... =dgbp =ab=x, 


we deduce that the sequences (ay),>9 and (by),>9 are convergent and 


lim dy; = lim by = /x = G(a,b). 
n—-> oo n—->oo 


Remark 4. Some comments on this iteration are given in Mathieu (1879) and 
Nowicki (1998). Regarding the notation H ® A, refer to Chapter 3 Section 3.5 
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for general definitions and results. We can illustrate Heron’s approximation pro- 
cess by computing V2. Starting with a = 1, b = 2 we obtain the following table: 


an by 
1.00000... | 2.00000... 
1.33333... | 1.50000... 
1.41176... | 1.41666... 
1.41420... | 1.41421... 


WIN] R}Oo]s 


Remark 5. Heron’s method has been extended to roots of higher order in 
Nikolaev (1925), Ory (1938) and Georgakis (2002). Also an iterative method 
for approximating higher order roots by using square roots has been given in 
Vythoulkas (1949). 


1.3. LAGRANGE AND THE DEFINITION OF THE 4GM 


It is generally accepted that the definition of the arithmetic-geometric mean 
(AGM for short) was given in Lagrange (1784-1785). Let us develop the ideas 
presented in Cox (1984), related to the above-mentioned paper. 

Among other things, Lagrange was concerned with integrals of the form 


N(y”)dy 
J+ py + 4@2y) | 


where JN is a rational function and p > q > 0. Using the substitutions 


(1.4) 


and 


(1.5) 


he showed that 
dy = dy’ 
Vd4+ Py>d+q2y) JA + py +4/2y’)_ 


Using this, J.L. Lagrange intended to consider an iterative method. Taking 


(1.6) 


Po=P, 90=4 
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and 


Pati =Pnt+VP2-G- Gnt1 = Pn— Pa— 97, n= 0, 


he noticed that the sequence (py)n>o approaches +00 while (Gn)n>0 ap- 
proaches 0. Thus the above substitution (1.5) cannot be used indefinitely in the 
integral (1.4), to arrive at an easily computable integral. 

For this reason J.L. Lagrange considered a second iterative method. He re- 
marked that the above substitutions can be reversed: 


y / 
pt+q 
p= »G=VP'd, 


2 


and 


— lgly!2— V+ a+ 12 2y(1+ t2 12), 
4 Pea’ J Bey: q“y 


Let us remark that 
p=A(p'.q'), ¢=G(r.¢@). 
Of course, the relation (1.6) remains true. Consider the integral 
N'(y'?)dy’ 
Vd + p’2y!2)1 + q!2y/2) 


where N’ is a rational function. Using the above substitutions, we obtain the 
integral 


| (4 + ce) dy 7 | N(*)dy 
l+@y? } JA+pPy)0+Py) J JA+ PAC +@y) 

where N is again a rational function. The approximation method defined by 

Lagrange is based on the following double sequence: beginning with the terms 


ay= p’, bo =q', 
define 
An+1 = Aan, bn), bn+1 = G(n, bn), n= 0. (1.7) 
Let us also denote in the following: 


No=N', yo= 7; 


J2 
Yn+1 = a Eb anbny2 Lee ja +azy2)(1 a bey?) 
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and 


2 2 2 
yaaa ot on 


2 
Nnti Qn =Nn ( i+ B2 v2 
n+17n+1 


Taking into account the above formulas, the integral 


/ No(yq)dyo 
VC + ad ancl + b3y8) 
becomes, step by step, 


Nn(va)dyn P 
VU +a2y2)(1 + by?) 


ae eee (1.8) 


On the other hand, using the relation between the means 4 and G we can prove 
the following results. 


Theorem 7. For each starting values ag and bo, the sequences (an),>, and 
(bn)n>1 defined by (1.7) have the following properties: 


ay > 42> 2 An = Ong 2 Sng Sn Ss SD = hy; (1.9) 


dg —b 
pa! ol 


0 <a, —by an 


(1.10) 
Proof. Using (1.2) for n > 0, we have 
an = A(an, bn) = ant1 = bn+1 = Gan, bn) = bn, 


which results in (1.9). Concerning the second relation, we begin with 


b b =" 
0<a)—b) => © — Jagby < 9+" — min(ao, bo) = “o ol 


Then, from byj+1 > by, we obtain 


an — bn 
2 ’ 


aAnt+1 — bay San+1 — by = 


which, by induction, results in (1.10). 


Remark 6. We can add to the relations (1.9) the inequalities 
min(ao, bo) < G(ao, bo) = bi < a) = A(ao, bo) < max(ao, bo). (1.11) 


Corollary 3. The sequences (dn)y>1, (bn)y>1 defined by (1.7) are convergent 
to acommon limit | = M (ag, bo). 
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Remark 7. From (1.9) and (1.11) we obtain 
min(ao, bo) < M (ao, bo) < max(ao, bo). 


As we shall see later, this implies that 4 defines a mean, known as the 
arithmetic-geometric mean (or AGM). 


Corollary 4. [f N’ = 1, the sequence of integrals (1.8) tends to the easily com- 
putable integral 
Jie 
1+/y?’ 


Remark 8. Generally the convergence is much faster than it is suggested 
by (1.10). To illustrate this, let us show the evaluation of M (/2, 1) given in 
Gauss (1800). Using the following table: 


an bn 


1.414213562373905048802 


1.000000000000000000000 


1.20710678 1186547524401 


1.18920711500272 1066717 


1.198156948094634295559 


1.198 123521493 120122607 


1.198140234793877209083 


1.198140234677307205798 


Bl wlrmBlRey;o;s 


1.198 140234735592207441 


1.198140234735592207439 


Gauss found 


M (V2, 1) = 1.1981402347355922074... (1.12) 


Thus, in only four iterations, he obtained ™ to an accuracy of 19 places after 
the decimal point. 


Remark 9. In Almkvist and Berndt (1988) another quantitative measure of the 
rapidity of convergence of the sequences (a, ),>1 and (by, )n> 1 is given. Defining 


Ch = a2 —b2, n=, 


2: 2 
An — bn =, G 


2 4-Gni1 4-M(a,b)’ 


we can see that 


Cnht+l1 = 


Thus (Cy),>9 tends to 0 quadratically. Remember that in general, the conver- 
gence of the sequence (@,),+ 9 to L is of the m-th order if the constants C > 0 
and m > | exist such that 


long. — L|<C- la, —L\" ,n>=0. 
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1.4 LEMNISCATIC INTEGRALS 


Continuing with the history of the AGM, let us again follow Cox (1984), this 
time focusing on the definition and study of the lemniscate. 

In 1691, Jacob Bernoulli [Bernoulli (1744)] found the equation of the so- 
called elastic curve. This elastic curve, which resembles a parabola, is generated 
by a thin elastic rod which is bent until the two ends are perpendicular to the ini- 
tial line position L. Assuming its vertex to be in the origin O and the axis of 
symmetry to be Ox, and further assuming that the distance of O to the line L is 
equal to 1, Jacob Bernoulli was able to show that the upper half of the curve is 


given by the equation 
[ zdz 
a a: 
0 Vl—<4 


He also proved that the length of the rod is given by 


ae ua (1.13) 
o= ——— . 
0 V1l—2z4 


Being well aware of the transcendental nature of the elastic curve, Jacob 


Bernoulli sought an algebraic curve with the same arc length. In 1694 he dis- 
covered the lemniscate, a curve which has the form of Figure 8 on its side and 


having the equation 
x sy? =a,/x2— y?. 


For a = 1, he proved that one-half of the arc length of the lemniscate is just w 
given by (1.13). 

The elastic curve and the lemniscate appeared in many papers written in the 
eighteenth century. For example, in Stirling (1730) the following approxima- 
tions are given: 


1 
dz 
———. = _ 1.31102877714605987... 
[ V1—z4 


and 


i "2°42 _ 9 59907011736779611 (1.14) 
¢wi=e@ - _ 


Similar evaluations are given in Euler (1786), where the following interesting 
result is also proven: 


1 d 1 2d 
/ a oe (1.15) 
o V1l—-z Jo V1—-z 4 
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These results, known to C.F. Gauss, were tied by him to the study of the 
AGM. . In the letter dated April 16, 1816, to his friend H. C. Schumacher 
(see Almkvist and Berndt, 1988), Gauss confided that he independently dis- 
covered the arithmetic-geometric mean in 1791 at the age of 14. He worked 
on the AGM, the elastic curve, the lemniscate, and other related subjects for 
many years. Unfortunately, during his lifetime, Gauss only published one paper 
dealing with these subjects. It appeared in 1818 and it was in fact devoted to 
secular perturbations. Only with the publication of his collected works in Gauss 
(1876-1927), its contributions became apparent. Through this collection it is 
now known that in 1799 Gauss computed the value of M(./2, 1), as it is given 
in (1.12). Using (1.14) he remarked that 


1 2 
Mt (V/3,1) =2- f as 
0 


and from (1.15) he deduced that 


M (/2,1) =~, 

o 

its value being accurate up to eleventh place after the decimal point. Seeing the 
significance of this equality, in the 98th entry of his mathematical diary, Gauss 
noticed on May 30, 1799 that: “... the demonstration of this fact will surely open 
an entirely new field of analysis.” 

Gauss based this prophecy on his own findings. Some of his results will be 
presented here, while saving the most important ones for the next section. Mo- 
tivated by the analogy to the circular functions, Gauss defined the lemniscatic 
functions by the relations: 


intemn( 75) 
sinlemn ————_. ] =x 
0 V¥1l—2z4 
(5 i dz ) 
coslemn | — — —<—$<—_ =r. 
2 0 1—z4 


We stress that in this case w plays the same role as does z for circular functions. 
Using the abbreviations s/ and c/ for the lemniscatic functions, Gauss proved a 
lot of formulas, such as 


and 


sPot+c?o4+sl’o-cl?o=1 


and 
slo-cly+cloé-slw 
1—sld-sly-clod-cly” 


sl(b+W= 
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He also defined these functions for complex numbers and proved that s/ ¢ is 
double periodic, with periods 2m and 2iw. 

We remark that Gauss also studied the AGM for complex numbers. Please 
refer to the paper Cox (1984) for more information on this subject. 


1.5 ELLIPTIC INTEGRALS 


Let us return to the double sequence (ay),>9 and (bn),>9, defined by J.L. La- 
grange for the starting values 


dag=a, bb=b 
by the recurrences 
io A(an, bn), bn41 = G(an, bn), n= 0. 


As we have seen, they have the common limit M(a, b), which represents the 
AGM of a and b. 
From the definition of M (a, b) we see that it has two obvious properties, 


M (a, b) = M (ay, bi) = M (ap, bp) =... 
and 
M (Aa, 4b) = AM (a, b). 


In spite of this, the determination of ™ (a, b) is not at all a simple exercise. We 
have seen that C.F. Gauss calculated (3, 1) with high accuracy. In fact, he 
was able to prove much more. 


Theorem 8. [fa > b> 0, then 


-—1 
m/2 6 
a(a.b) =| f q (1.16) 
2 0 Va2cos26 + b2 sin? 6 


Proof. Denote 


m/2 do 
1a,)= [ , 1.17) 
0 /a2cos26 + b2 sin? 6 
The key step is to show that 
I(a,,b,) =I (a,b), (1.18) 


thus 


I(A(a, b), G(a, b)) = I(a, b). (1.19) 
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To prove this, C.F. Gauss introduced a new variable 6’ such that 


: 2a sin 6’ 
sin@ = = (1.20) 
a+b+(a-—b)sin* 0’ 


and remarked that 


(a? cos” 6 + b* sin? 6)~'/?d0 = (a? cos” 6’ + bi sin’ 6’)~"/7 0". (1.21) 


The details of this proof are rather complicated, even as they were given in 
Jacobi (1881). Much simpler is the proof of D.J. Newman (Newman (1982)) 
given in Ganelius et al. (1982) and then in Schoenberg (1982). Changing the 
variable in (1.17) by the substitution 


x =b.-tand, 
we have 
dé 
dx=b.- ; 
cos2 @ 
or 
dé dx 


cos) Vb2 + x2 


This results in 


Ia, b) i 1 dé [ 1 dx 
a,b)= : = : : 

0 Va2+b2tan29@ cosé 0 Vaz+x2 Vb? + x2 
Denoting 


Ita j= fo a 
do MED $22)’ 


the following equality was obtained: 


I(a, b) = J(a,b). 
Therefore, for (1.18) we have to prove 
J(a,,b,) = J(a,b). (1.22) 


We have 


Jay, b1) f. dt 
a1,0))= 
2 I-00 (a? + 12)(b3 +12) 
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i dt 
~co (a2 + 2ab +b? + 412) (ab + 22) 


Changing the variable by the substitution 


_ x? —ab 
~ Ox? 
we have 
1 ab 
dt = 2 1 + oe dx, 
thus 
lee) 2 
+ab)d 
Hab) = f tata = J(a,b). 
0 V(a2x?2 + b?x2 + ab? + x4) (a2b? + 2abx? + x4) 
Iterating (1.18) gives us 
I(a, b) = 1(a1, b1) = I (az, b2) =: (1.23) 
therefore 
: TU 
T(a,b)= lim I(aq,b,) =10,) = —, (1.24) 
n—> 00 2-1 
where 
l= lim a, = lim b, = M(a, bd). 
n—-> oo n—>oco 
Thus 
TU 
M (a, b) = ———_., 
Gi) = Fa, DB 
which is (1.16). 
Remark 10. Writing (1.19) as 
f (Aa, b), Gla, b)) = f(a, b) (1.25) 


this is named Gauss’ functional equation. As in (1.23) and (1.24), its solution 
gives a representation of M. For instance, iterating (1.22), we get the second 
representation 

w 


M (a,b) = 5. Slabs Faby 
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Remark 11. As it is shown in Cox (1984), setting 
py =tané, 


one obtains 
dy _ dg 
V(. + p?y?)(1 + q2y?) \ p2cos? 0 + q?sin20 


so that the relation (1.6) results in (1.21). Thus not only could Lagrange define 
the AGM, he also could prove the above theorem effortlessly. D.A. Cox was of 
the opinion that “unfortunately, none of this happened; Lagrange never realized 
the power of what he had discovered”. 


Remark 12. Another representation of the AGM is given by a complete elliptic 
integral of the first kind, i.e. integrals of the form 


m/2 do 1 dz 
Kay = | -|/ 26) 
0 V1—x?2sin26 0 VU — 22)( — x22) 
Indeed, we have 
1 az = b2 
I(a,b) = —K (x), where x = ————, 
a a 
thus 
M (a,b) = as (127) 


2-«(V1- (8) 


See also Hofsommer and van de Riet (1962), van de Riet (1963), Salamin 
(1976), Muntean and Vornicescu (1993-1994), and Bullen (2003). 


1.6 HYPERGEOMETRIC SERIES 


The relation (1.27) is given also in the following simpler form in Almkvist and 
Berndt (1988). 


Theorem 9. Jf |x| < 1 then 


M(1+x,1—x) (1.28) 


= ua 
~~ 2-K(x)’ 
Proof. For 
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we have 
M(1+x,1—x)=M(A(L+x,1—x), GU +x,1—x) 
= (1, vi-2) =M (1 ”) = *a£(a,b), 
thus (1.28). 


On the other hand, using the binomial series 


[ee 


(Q)y, 
a n 
(+x) = Fx", 
n=0 
where 
(a), =a-(a—1)-...-(a—n+]1), a eR, 
we have 
lo.) 
1 1 t” 
1-ft) 2= = ; 
worl EQ)! 
n=0 
thus 


ESL) Ging)” 
Kay = f (5) 


Integrating termwise, we find that 
(oe) 2n SLi 
1\ x 2 
K(x) = ~| — | sin 0 do. 
= 23) arf 


For the integral 


using the transformation 


I I i g { sintt'o a 
2n+2 = 12n F cos tne 3 


we get the recurrence 


(1.29) 


(1.30) 
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thus the well-known expression (see Bierens de Haan, 1867) 


ae oe 1 a 
maemo ee 


CO 


TA 1\? x2" 
K@= 7) (>), (ny? 


n=0 


Finally we have 


Considering Gauss’ ordinary hypergeometric series 


CO 
-(b 
Fa,b,x) =) On On yn, Ixl <1, 
(c), -n! 
n=0 
we get 
a 1 1 2 
K =.— -F(-,-=,1; ; 1.31 
Ss (5-5 =) (1.31) 


Thus, we deduce another representation of the AGM. j 
Theorem 10. /f |x| < 1 then 
1 


1-243)" 
F (4, 3,1: x?) 


1.7. LANDEN’S TRANSFORMATION 


Mli+x,l1—x)= 


In the proof of Theorem 8, the transformation (1.20) is written alternatively as 


_ (+k) sino’ 


sing = ——__-—_ 
1+k-sin? 6’ 


which is commonly referred to as the Gauss transformation. In a similar way, 
for a direct proof of Theorem 9 the transformation defined in Landen (1771) can 
be used by letting 
in (20 
tan cal = _ sin@é) ; 
x1 + cos (20) 


where 
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This is called Landen’s transformation and it was used in Legendre (1825) in 
the following iterative procedure. It is rather difficult to prove that 
K(«*)=(1+41)- K(@1), 


but, upon 7 iterations, we have 


K(x) =(1+x1)- (+ %2)-...-( +4n)- Kn). 


Since 
1 1 t de 1+ dp-1\? _ 
eg eee) Aiea po 
ak 2 2 ak 
we get 


a 
K(x)=—- K(x). 


n 


By letting n to tend to o, we conclude that 


a: 


es 2-M(a,b)’ 


e2 = 
M(a,b) Os 


which gives (1.28). 
The following Landen’s transformation for incomplete elliptic integrals of 
the first kind is also presented in Almkvist and Berndt (1988): if 


x sina = sin(2B — a), 


then 


1 "aed aot ia aro) a 
+x — x* sin ) = i (1- sin ) ‘ 
( | ( (0) (1+ x) 
In the special case where 

a=, B=7/2,0<x<1l, 


it becomes 


K(x) = 


K(F4). (1.32) 


I+x. 1+x 


In Borwein and Borwein (1987) this is called the “upward functional relation” 
satisfied by the complete elliptic integral. It is accomplished by the following 
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“downward functional relation” 


Raj 2k [=e (1.33) 
x)= . - 
1+x’ 1l+x'/)? 


where x’ = /1 — x2. Indeed, let us denote 


oe 4 
y= fe x 
and write (1.32) for y: 
2./y 
K | —— J=(+y)- KO). 
(~*) (1+ y)- K(y) 
As 
i 
l+y 
thus 
2 
een ee ee 
l+y 


we obtain (1.33). 
In the same paper, the Landen’s transformation for hypergeometric series is 
remembered: 


ee) eee (4x). F erg eae 

a, b; 2b; ——— ) = xj". a,a— =} =x]. 
(1+.x)? 2 2 

The special case 


F(S. os; a) =aty-F (5, be), 
272°? (14+x)? oa) 
is also a consequence of the relations (1.31) and (1.32). 
1.8 THE PERIMETER OF AN ELLIPSE 
If an ellipse is given by the parametric equations 
x=acosé, y=bsiné, 0< 0 <2z, 


then its perimeter is expressed by 


5 
L(a, b) =4./ Va? sin? 6 + b2 cos? 6 dé. 
0 
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Considering the complete elliptic integral of the second kind 


w/2 
e@)= | V1—x?sin?6 d@, |x| <1, (1.34) 
0 


then 
L(a, b) =4a- E(e) 
where 
a2 = b2 
cs 
a 


denotes the eccentricity of the ellipse. 
The elliptic integrals K (x) and E(x) are related by many formulas. We men- 
tion here only the following formula given in Legendre (1825). If0 <x < 1 and 


x’ = /1— x2, then 
a 


K(x) E(x’) + KQ@’)E(x) — K(x) K(x’) = oa 
A simple proof of this formula may be found in Almkvist and Berndt (1988). 
Taking it into account, we deduce that as in the case of the AGM , the value 
of L(a,b) is very difficult to determine. The first approximations for L(a, b) 
were given in 1609 by Kepler (see Kepler, 1860). Certainly, he needed them in 
astronomy. Using some non-rigorous arguments, he has given the lower bound 


L(a, b) = 2nVab 
and the upper bound 


L(a,b)=x(a+b). 


In Almkvist and Berndt (1988) a table with 13 approximations for L(a, b) is 
given. Generally they are derived from some exact formulas, which are of more 
interest for us because of their similarity to formulas related to the AGM. 

The first result was given in MacLaurin (1742). 


Theorem 11. /f ¢ is the eccentricity of the ellipse, then 


1 1 9 
L(a,b)=2na-F a lje*). 


Proof. As in the proof of Theorem 9, we have 


m/2 
(a,b) =4a | V1 — cos? 6 dé 
0 
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oo 2n pr/2 
1 
=4a (- ) / cos”" 6 dé 
= 2, n n! 0 


= 1 1\ 2" 
i) 
ray ( 7 (3), (n!) 


A second result was given in Euler (1774). As it is stated in Almkvist and 
Berndt (1988), this second result can be derived from MacLaurin’s result via a 
certain quadratic transformation for hypergeometric series that is different from 


which gives the result. 


Landen’s. 


Theorem 12. For every a,b > 0, the formula 


1 1 a2 — p2\* 
ss 2 2, ae (e3 
L(a,b)=7,/2(a +6) 7 ph(S>5) i 


is valid. 
A third result was given in Ivory (1796). 


Theorem 13. /f 


then 


L(a, b) (a+b)-F a ie 
> = (a . i ee . 
[ 22 


Proof. If in Landen’s transformation for hypergeometric series we set 


a=—1/2, b=1/2, x=), 


1 1 b 1 1 
F Soi a fF : oa ee : 
2 2 2a 2 2 


Therefore, the result follows from MacLaurin’s theorem. 


we find that 


The link between the arithmetic-geometric mean and the length of an arc of 
an ellipse was also studied in Almkvist (1978). 


Chapter 2 


Means 


ABSTRACT 

In this chapter, we present the ten means known by the ancient Greeks, along with some 
of their properties and relations. We mention some methods for constructing bivariate 
means, and some of their properties and related results. Also, we present the notion of 
complementariness with respect to a mean, some properties, and we try to compute the 
complementary with respect to some families of means. 


In presenting some classical results related to the arithmetic-geometric mean, 
we have used only three basic means: the arithmetic mean, the geometric mean, 
and the harmonic mean. These means are among the ten means known by the 
ancient Greeks. In this chapter, all of these means will be presented, along with 
some of their properties and relations. They will serve as good examples for the 
general theory that will follow. 

We shall present a few notions and results related to means of two variables. 
The motivation behind this — besides the fact that these means will be used in the 
following chapters — was driven by a remark from Borwein and Borwein (1987) 
where it is stated that “there is a great literature on particular means and very 
little on means in general.” This gap was filled in part by the books Bullen et al. 
(1988) and Bullen (2003), but they are devoted to means of several variables and, 
as a result, many special problems for means of two variables were omitted. 


2.1 MEANS AND PROPERTIES OF MEANS 
2.1.1 Greek means 


As many other important Greek mathematical contributions, the means are pre- 
sented by Pappus of Alexandria in his books, in the fourth century AD (see 
Pappus, 1932). Some indications about them can be found in the books Gini 
(1958), Borwein and Borwein (1987), and Antoine (1998). We present here a 
variant of the original construction of the means, but also their modern transcrip- 
tions. We selected some properties of these means and some relations among 
them, as they are given in Toader and Toader (2002b) and Toader and Toader 
(2005). 

Pythagoras of Samos in the sixth century BC was already familiar with the 
arithmetic mean, the geometric mean, and the harmonic mean. In order to con- 
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struct them he used the method of proportions. More specifically, he considered 
a set of three numbers with the property that two of their differences are in the 
same rapport as two of the initial numbers. We present the method in a way that 
leads more directly to our usual definitions. 

Let a > m > b> 0. Then m represents: 
1. the arithmetic mean of a and b if 


a-m _ 4, 
m—b a’ 
2. the geometric mean of a and b if 
a—m a _ mM, 
m—-b mb’ 
3. the harmonic mean of a and b if 
a-—-m _ 4, 
m—b b’ 


According to Antoine (1998), three other means were defined by Eudoxus 
and finally other four means by Temnoides and Euphranor. In Gini (1958), all 
these seven means are attributed to Nicomah. Of these seven means, only three 
have names: 

4. the contraharmonic mean of a and b represented by 


a-—-m_ b 


m—b a 


’ 


5. the contrageometric mean of a and b given by 


The rest of four not-named means are defined by the relations: 
7. 
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9. 
a—b_a 
m—b b’ 
10. 
a—b_m 
m—b b° 


These ten means are the only means which can be defined using the method 
of proportions, attributed to Pythagoras of Samos (569-500 BC) (see Gini, 
1958; Antoine, 1998), but also to Eudoxus (see Eymard and Lafon, 2004). Hav- 
ing no access to original sources, we must content ourselves to present such 
controversies, without taking any adherent position. 

Solving each of the above relations as an equation with the unknown term m, 
we obtain the analytic expressions M (a, b) of the means. For the first four means 
we use the classical denotations. For the other six, we use the neutral symbols 
proposed in Borwein and Borwein (1987). As a result, in order, the following 
means are obtained: 


1. 
a+b 
A(a, b) = ——; 
(a, b) 5 
25 
G(a, b) = Vab; 
3. 
2 
iC) ee 
a+b 
4. 
a2 +b? 
,b)= ; 
C(a.0) a+b 
5. 
a a—b)* + 4b? 
F5(a,b)= ; 
6. 
b—at+/(a—by +4a2 
(3 


2 ’ 


28 Means in Mathematical Analysis 


7. 
2 2 
on ee 
8. 
2 
a 
Fela, b)= 
9. 
ba —b 
pape 
a 
10. 
b b(4a — 3b 
Ce 


2 


Occasionally, it is convenient to also denote 


Fi=A, foa=G, Fg =H and F4=C. 


The first four expressions of the Greek means are symmetric, that is we can use 
them also for the definition of the corresponding means for a < b. For the other 
six expressions, we have to replace a with b to define the means in the case 
where a < b. 


2.1.2 Definition and properties of means 


There are more definitions of means as we can see in the book Gini (1958), or in 
papers such as Chisini (1929), Jecklin (1948, 1949), or Aczél et al. (1987). The 
most commonly used definition may be found in the book Hardy et al. (1934); 
this definition was even suggested by Cauchy (as it is stated in Gini, 1958). 


Definition 1. A mean (on the interval J) is defined as a function M : J? > J, 
which has the property 


aNb< M(a,b)<avb,Va,be J, 
where 
aA b=min(a, b) anda V b=max(a, b). 
Regarding the properties of means, of course, each mean is reflexive, that is 


M(a,a)=a, Vae J, 
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which could also be used as a definition of M (a, a) in case it is necessary. Occa- 
sionally, this weaker condition is taken as a definition of means (see Aczél et al., 
1987). Following Matkowski (2006), we prefer to use the name of pre-means for 
reflexive functions (though in many previous papers we called them generalized 
means). 


Definition 2. A pre-mean (on the interval J) is defined as a reflexive function 
M: J? J. 


A (pre-)mean can have additional properties. 
Definition 3. The (pre-)mean M is called: 
a) symmetric, if 
M(a,b)=M(b,a), Va,be J; 
b) homogeneous (of degree one), if 
M(ta,tb)=t-M(a,b), Vt>0,a,be J; (2.1) 


c) (strictly) isotone, if for a,b € J the functions M(a,.) and M(., b) are 
(strictly) increasing; 
d) strict at the left, if 


M(a, b) =a implies a=b, 
strict at the right, if 

M(a, b) =b implies a =b, 
and strict, if it is strict at the left and strict at the right. 


Remark 13. In most cases we have J = [0, co) or J = (0, 00), but there are 
also means with smaller domain of definition. For instance, some trigonometric 
means have J = [0, 2/2] or J = [0, 1/2). Take for example 


(2.2) 


: sip 
M(a, b) = arcsin aE) P 


2 
which can be found in Gini (1958). If the mean is homogeneous, of course 


J D (0, o©). To avoid this restriction we could consider the relation (2.1) only 
in the neighborhood of 1. 


In what follows, we shall use the following obvious lemma: 
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Lemma 1. A mean M is isotone if and only if 
Ma, b) < Mca’,b’), foralla <a’, b<b’. (2.3) 
Example 1. We shall consider A and Vv also as means defined by 
A(a,b)=aAb,V(a,b)=av b,Va,b>0. 


They are symmetric, homogeneous, and isotone, but are not strict neither at the 
left nor at the right. 


Remark 14. In Borwein and Borwein (1987), these means are used for the 
definition of the Greek means. Namely, a is replaced by a V b and b by aA b. 
So we get expressions of the following type: 


M(av b,anb). 


With this construction any mean becomes symmetric. 


Remark 15. All the Greek means are homogeneous and strict. In Toader and 
Toader (2002b), the monotony of the above means is also studied (see also 
Toader and Toader, 2005). We have the following results. 


Theorem 14. For a > b > 0, the Greek means have the following monotonici- 
ties: 1) All the means are increasing with respect to a on (b, 0). 2) The means 
A, G,H, F6, Fg, Fo and F, are increasing with respect to b on (0, a), thus they 
are isotone. 3) For each of the means C, $5, and ¥; there is anumber0 < p <1 
such that the mean is decreasing with respect to b on the interval (0, p- a) and 
increasing on (p-a,a). These means have the values M(a,0) = M(a,a) =a, 
respectively M(a, pa) = qa. The values of the constants p,q are given in the 
following table: 


M C Fs | Fi 
B| P21 Bs |i2 
q | 2072-1) | 4/5 | 3/4 


Remark 16. Simple examples of non-symmetric means may be given by the 
projections IT; and I defined respectively by 


11, (a,b) =a, Ta(a,b) =b, Va,be J. (2.4) 


Now I], is strict at the right and Iz is strict at the left. We can consider them as 
trivial Greek means defined by 
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respectively 


a—b b 


a—m m 


2.1.3 Quasi-arithmetic means 


Important examples of means are given by the following definition, that can be 
found for example in Daréczy (2005). To present it, let us denote by CM (J) the 
set of all strictly monotonous continuous functions f : J > R. 


Definition 4. A mean M is called quasi-arithmetic if there is a function f € 
CM (J) such that 


f(a) + Ff) 
2 


mca,b)= 5" ( ). Va, be J. 


We shall use the denotation M = A(f). 


The most well-known example of quasi-arithmetic mean is given by the 
power (or Hélder) mean ?,, = A(e,) where 


n 
Ore ee adi (2.5) 
Inx, n=0. 
It follows that 
m4 pn\iin 
P, (a,b) = (¢ ) 


for n 4 0, while Pp = G. We have P_,; = H, P; = A and for n = 2 we denote 
P2 = Q the root-square mean. 

In Aczél (1948), the following characterization of quasi-arithmetic means 
is provided. It is a continuation of the theorem of Kolmogorov and Nagumo 
from 1930, which characterizes the quasi-arithmetic means of any number of 
variables. 


Theorem 15. A mean M is quasi-arithmetic on a closed interval J if and only if 
it has the following properties: (i) continuity; (ti) strict isotony; (tii) reflexivity; 
(iv) symmetry; (v) bisymmetry, i.e. 


M(M(a,b), M(c,d)) = M(M (a,c), M(b,d)), Va,b,c,de J. 


More generally, given a mean M (on J) and a strictly monotonous function 
f :J'— J, it is easy to see that the function M(f) defined by 


M(f)(a,b) = f-'(M(f(@), fb))) 
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is also a mean (on J’). By analogy with the quasi-arithmetic mean, M(f) can 
be called quasi-M mean. This method was used for constructing other means, 
for example in Sandor et al. (1996) and Sandor and Toader (2002). 

In Borwein and Borwein (1987), the following property is given. 


Proposition 1. The mean M(f) is isotone, symmetric, or strict whenever M 
is isotone, symmetric, or strict. Moreover, M(ép) is homogeneous for p # 0, 
whenever M is. 


It is known (see Hardy et al., 1934) that 


lim Pa = =P, (2.6) 


n—>0 


where we used the ordinary denotation lim M, = M for 
noo 
lim M,(a,b) = M(a,b), Va, be J. 
noo 


The relation (2.6) is not very natural taking into account the expression of 
the function e,. To make this idea clearer we shall consider another example, 
given in Toader (2000). Let the quasi-7H mean H(e,) be given by 


oe 
H(en)(a, b) = (= ) 20. 


We have again that 
lim H(en) = G, 
n—>0 


but it is different from H (In) given by 


H(in)(a, b) = exp (—) 


Ina+Inb 


This can be explained as follows. Let us consider another family of functions 
8n : (1, 00) > (0, 00) given by 


x"—-1 
gaya} on "FO 
Inx,n=0. 
We have now ian = = go. As forn £0, A(gn) = Alen) = Pn (on (1, 00)), 
naturally (2.6) holds. But 


2a"b" — gq" — “ye 


H (gn)(a, b) = ( 7: 


Means Chapter | 2 33 


thus H(g,) 4 H(e,). In this case we have 
dim (gn) = H(go). 


In Gini (1958), additional examples of means can be found. Although some 
of these are defined using a modified method of proportions, they are quasi- 
arithmetic means A(f) with f defined respectively by 


1 1 
fac’, fl) =cr, f@) =x", f) =x". 
Additionally, for the mean (2.2) we have M = A(sin). The means A(cos), 
A(tan), and A(cot) are also considered. 
A special case of the quasi-M mean considered in Borwein and Borwein 
(1987) is used to define another mean. 


Lemma 2. /f M is an isotone, homogeneous mean, then for every p € R, 


__ [Mep)I? 
. [M(ep—1)]?~! 


is a homogeneous mean, which is strict or symmetric whenever M is strictly 
isotone or symmetric. 


The most well-known example of mean constructed this way is the p-th 
contraharmonic mean (or Lehmer mean) 


aP + bP 
Cy(a, by= pA(a, b)= gpl 4 Pl’ 
which is a generalization of the contraharmonic mean C = (). It is also a special 
case of Beckenbach-Gini means defined by 


_ af (a) + bf) 
Fa) + FO” 


where f is a positive function (see Bullen (2003, page 406)). In its turn, the 
Lehmer mean can be used for the building of a more general class of means 
— the Gini means (called in Bullen (1998) the Gini-Dresher means) or sum 
means: 


Cy(a,b) Va, b > 0, 


r 
Sis = Cp (€r—s)s p= , 


r—s 


which gives 
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and 
id r hy 
S,.(a, b) = lim S;,(a, b) = (a* bP i +07 
Sr 


We shall use also the special case of sum means S, = Sp—1,1 (special Gini 
mean). Of course Sp »—1 = Cp, So,o = G, and denote S;,; = J. Another special 
case is 


Srr-1 (e-1), 


called Moskovitz mean. 

Another generalization of the power means is given by the family of Muir- 
head means V,, , defined for p + q £0 by 
aP bt + at? Er) 


Vp,q (a,b) = ( 5 


(see Bullen, 2003 and Trif, 2006). We shall refer to the special case Vp, 1—p, also 
called Heinz mean (see Bhatia, 2006). 
Let us remark that almost all of the above means are of the form 


A 

gs(1, 1) a 

fr(, 1) gs(a,b) 

where f, and g, are homogeneous functions of degree r, respectively s. 
Another type of means was defined in Matkowski, 2011. Let the real func- 


tions f and g be continuous, positive, and strictly monotonic in a real interval J 
such that £ is one-to-one. Then the function Q'8! : J* — R defined by 


—1 
LAgl(g. b) = ) (4). ped 
ee (Z gb) )'“ 


is a strict mean in J called a quotient mean. We can remark that this happens if 
and only if f and g are of different type of strict monotonicity. The mean Q!/-8! 
is symmetric if and only if the product f - g is a constant function and then 


Ql*slia, by = f-'(/f@- fb) =8 'W/s@-gb)), abe J. 


2.1.4 Other methods for the construction of means 


Ny,s (a, b) = 


There are other additional general methods for the construction of means. Some 
of these methods use algebraic or functional relations like those from Moskovitz 
(1933), Stolarsky (1975, 1980), or Bauer (1986). Others are based on the mean 
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value theorem for derivatives or for integrals as those from Carlson (1972), 
Stolarsky (1975), Mays (1983), or Bullen (2003). In Toader (1988), the inte- 
gral mean value theorem for two functions is used, which seems to be more 
convenient than Cauchy’s mean value theorem used in Bullen (2003). If p isa 
positive continuous function and f ¢ CM(J), define a mean V(f, p) by 


b 
fi pont) oes 


J? pat 


The following special cases were already considered in Gini (1958): 


Vif, pra.by="( 


V(en, Pp); V (sin, P), V (exp, DP); V(eq, Pen); 


where e, is given by (2.5). Also, for p(x) = 1, Vx > 0, the following means 
have been explicitly determined: 


|e 


pmtl _ qmtl 
,m#0,-1, 


V(eém, l(a, b) = D, ,b) = | ———__ 
(€m, 1)(a, b) €n-+1,1(a ) paertene 
known as the Galvani mean, 


a—b 


Do,1 (a, b) = L(a,b)= log a— log b’ 


known as the logarithmic mean, 


1 fat? a 
Dy, (a, 6) =Ta,) = = ( ) ; 


e\ b> 
referred to as the identric mean, 


—cosb 
V(sin, 1)(a, b) = aresin (a 


a—b 


a trigonometric mean, or 


b 
V (exp, 1)(a, b) = log (S — ) ; 
a—b 

an exponential mean. 

The special case V(f,1) in Berrone and Moro (1998) was named La- 
grangian mean. 

The well-known family of extended means (or Stolarsky means or differ- 
ence means), defined in Stolarsky (1975), can be also obtained using the general 
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formula (2.7). Taking 


f =er—s, P = Ps-1, 


where e, is given by (2.5) and also py = e, for n £0 but po = 1, we obtain: 
— the extended mean (for -s-(r —s) #0) 


i ee ae 
D,.s(a, b) = 7 . i bs ’ 


— the extended logarithmic mean (for r 40, s = 0) 


1 
£,(a,b) = Dr.o(a, b) = (- : 5) : 
r loga—logb 
— the extended identric mean (for r = s 40) 
Z, (a,b) = Dy,r(a, b) = (Z(a", b”)]"; 
— the geometric mean (for r = s = 0) 
G(a, b) = Doo(a, b) = Vab. 
Of course, the power mean is the special case 
P, (a, b) = Dr; (a, b). 


The mean D3 1 can be written as 
pe | ’ 


a+VJab+b 
3 


D3 1(a,b)= 


bole 
NI 


which is known as Heron mean. It was generalized in Jia and Cao (2003) as 


1 
P b)P/2 + bP\ ? 
Ky(a.b) = (* - os ) , p>0, 


called power-Heron mean. Denote 4; = K. Of course we have 
= Dap p. 


Remark 17. We have to underline that by bringing together in this book so 
many means we had to change the traditional notation for some of them. Our 
option was to preserve the notation for the most known and most used of them. 


Means Chapter | 2 37 


Taking also in (2.7) 


f=e1, p=exp, 


we obtain the exponential mean 


16.2 —— =i, (2.8) 
me 


which was defined otherwise in Toader (1988a). In Sandor and Toader (1990), 
it was remarked that 


E=T(exp). 


Other exponential means were defined and studied for example in Sandor and 
Toader (2006, 2006a). 

The definition of the mean V(f, p) was modified in Toader and Sandor 
(2006) using two functions as above, but only one integral. For f, p¢ CM(J), 
define N(f, p) by 


1 
wer mna=s*{ ['cFor-dt- me) +4 =n), (2.9) 


We obtain a symmetric mean N(f, p) on J. Making the change of the variable 


t=[p) —s]/[p®)— p@, 


the simpler representation 


-if f? Gop D@)ds 
Nifpyab=foi( f Ler OE 
(f, pita, b) = f (a = 


is obtained. The special case f = e1, 


P®) p-l(s)d 
Np(a.b)= | BEE per 
play P(b) — pla) 


was defined in Sandor (1997) as 


N @n=f ALL ee 8 
_ a p(b)— pla) 


Let us consider some examples. 
The Stolarsky mean D,.; is N(e;—s, és). We have 


Nexp =€, 


38 Means in Mathematical Analysis 


which is the exponential mean (2.8). We can also give a new exponential mean 


b a 
a-e°—b-e 
Mifare @: PP ee +1,a,b>0. 
Some trigonometric means such as 
b-sinb—a-sin b 
Nein(a, b) = nS tay OP gy (0, 2/21, 
sinb — sina 2 
J1—-b- V1 —a@ 
Narcsin(@, b) = ’ a,b = [0, 1], 


arcsina — arcsinb 


b-tanb—a-tana-+ In(cosb/ cosa) 
Mtan(a, b) = / ’ 


,beE[0,2/2 
tan b — tana " 77) 


and 


Invl+5b2-—Inv1 +a? 
Naretan(@, 0) = ,a,b>0, 
arctan b — arctana 


can also be obtained. 


2.1.5 Comparison of means 


We write 

M <N (on the interval J) 
to denote 

M(a,b) < N(a,b), Va,be J. 

If the inequality is strict for a 4 b, we write 

M <N (on the interval J). 
We say that M is comparable to N if 

M<NorN<M. 


Comparisons for Stolarski and Gini means were studied in Neuman and 
Pales (2003) or Czinder and Pales (2006). 

The following theorem was proved in Toader and Toader (2002b) (see also 
Toader and Toader, 2005). 


Theorem 16. Among the Greek means we have only the following inequalities 


H<G<AK<Fe<F5<C 
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H < Fo<Fio, Fg<Fo<F5<C 
Fg<A<Fo<F5<5C 


and 
G < Fro. 
It is well known (see Bullen, 2003) that the first inequalities extend also to 
H<G<L<I<A, on(0,o). (2.10) 


The following lemma is proved in Sandor and Toader (1999). 


Lemma 3. /f the function f : Ri — Rx is strictly monotonous, the function g : 
Ry — Rx is strictly increasing, and the composed function g o f—' is convex, 
then the inequality 


Vif, Pp) < V(g, p) 


holds for every positive function p, where V (f, p) is given by (2.7). 


The means 4, G and £ can be obtained as the means V(e,, 1) forn =1,n= 
—2, respectively n = —1. So the relations between them follow from the above 
result. But H = V (ej, e_3), thus the inequality H < G cannot be proved this 
way. 

The result from the previous lemma holds also in the case of the mean 
N(f, p) defined by (2.9). As it was proved in Toader and Sandor (2006), using 
a simplified variant of the integral inequality of Jensen for the convex function 
go f—! (see Bullen, 2003), we have 


1 
(go f—') (/ (fop')[t- pla)+(U—2)- p)] i) 


1 
<f wos ol(fop lt pa += - pO], 
0 
and applying the increasing function g~! we get the desired inequality. 
A similar result of monotony with respect to the function p was also proved 
in this case. 


Theorem 17. [f p is a strictly monotone real function on J and q is a strictly 


increasing real function on J, such that q o rr 


is strictly convex, then 


N(f, p)< N(f,q) on J, 


for each strictly monotonous function f. 
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Corollary 5. [f the function q is strictly convex and strictly increasing then 
Ng > A. 


Remark 18. If we replace the convexity by the concavity and/or the increase 
by the decrease in the above theorems, the same/the opposite inequalities are 
obtained. 


Thus we have 
L, Nein, Narctan < A, 
but 
E, Narcsin, Ntan > A. 
More generally, from the second theorem we deduce that for m -n > 0 we have 


Ne, < Ne,» ifn <m. 


So 
Ne, > A, forn > 1, 
L< Noe, <A, forO<n <1, 
G<WN., <L£, for —1/2<n <0, 
H <Ne, <G, for —2<n<—1/2, 
and 


Ne, <H, forn < —2. 


To present the next results, we need some definitions. Let Fp, p € R, be a 
family of means. It is said to be an increasing family if 


Fy < Fg for p <q. 


A lower estimation of a given mean M by this family of means assumes the 
determination of some index p such that F, < M. The optimal lower estima- 
tion is given by the mean F, where r is the greatest index p such that F, < M. 
Similarly the notions of upper estimation and optimal upper estimation are 
defined. 

The most known and used increasing family of means is that of power means. 
The first determination of lower and upper optimal estimations by power means 
was done for the logarithmic mean in Lin (1974): 


G=Po0 <L<Pi;3. (2.11) 
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It was generalized in Pittenger (1980) as follows: for each r 4 0, we have 
Prin{r;,r2} < D1 < Pmax{r,ro}> 


where 


r+l1 
3 


r= 
and 


=! forr>0,r4#1 


logy r 


r2= 4) In2 for r=1 


For example, for r = 1 we have 
P23 <I < Pry. 
For r = —1, 1/2 or 2 we have equality, thus 
D_311=G=Po, Dij21=Pij2, P21=A=P3. 
After all (2.10) it can be refined as 
H<G<L<P1/3 < Po3<L< Ping << A<E, on (0,00). (2.12) 


The estimation by power means can be unsatisfactory. That is why other 
families of means were also used. In fact, for the estimation of the logarithmic 
mean, even before using the power means, in Karamata (1960) there were used 
the means defined by 

abP + baP 
“gh bP = S\—p,-p(a, b)= Ci-p(@, b). 

It was proved that 
3 <L, 


and in Alzer (1993) it was shown that this estimation is optimal. An upper opti- 
mal estimation by power-type Heron means was given in Jia and Cao (2003): 


L< K/2. 


The optimal evaluation by the family of special Gini means S,, was estab- 
lished in Costin and Toader (2013b), where the following result is being proved. 
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Theorem 18. The optimal evaluation of the logarithmic mean L by means from 
the families Py, Ky, Sp and Cp can be ordered as follows: 


G=Po=% <S13<Q3<L<Np<Pip<Si=Q=A. (2.13) 


2.1.6 Weighted means 


The weighted generalization of some means is also well known. For instance, 
the quasi-arithmetic means can be generalized in the following way: let f : J > 
R be a strictly monotonic function and g,h : J? > Rx be two positive func- 
tions; define a mean by 


sa,be J. 


f(a)g(a, b) + fh, 4) 


2. pl 
Wrgn(asb)= I" ( g(a, b) + h(a, b) 


For example, we can consider means like 
2 2 l/n 
T, (a, b) = [2" cos?(a +b) +b" sin2(a + b) | né£0 
and 
Ty(a, b) = lim Ty (a, b) = a 4+) psi’ (a+b) 
, n>0 — 


The special case 


OO) sa bel 


g(a) + g(b) 


was defined in Bajraktarevic (1958) and is called Bajraktarevi¢ mean, while 
A,(f), defined by 


Wgla.d) =f ( 


Af) (a,b) =f! Af@+U-AFO)s abe J, 


is called weighted quasi-arithmetic mean. 
For example, the weighted power means P,,, = A, (en) are given by 


[A-a"+(1—A)-b"]!/",n 40 


P, (a, b) S 
‘ a*. p14 n=0 


’ 


with A € [0, 1] fixed. Of course, for A = 0 or A = 1, we have 
Pn.o = M2 respectively P,.; =, Vn ER, 


where the projections IT; and I> are defined by (2.4). The weighted arithmetic, 
geometric, and harmonic means, denoted by Aj, Gx, and H,,, are obtained for 
n= 1,0, or —1. 
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Weighted Gini means are defined by 


alls, 


Mea" +(1—-A) BT 5 
FAs 
d- aS +(1—A)-bS 


Sp 5:4 (4, b)= 

and 
Sr.7:3(, b) = Ce agi 

Tas ’ — 


with A € [0, 1] fixed. Weighted Lehmer means, C.., = S;.,—1.,, are also used. 
We can remark that again, 


S50 = C-:0 = N2 and Sy 5:1 =G:1=M1. 


We obtained previously weighted variants for the first four Greek means. 
For the last six Greek means, weighted variants were defined in Toader (2005), 
using a modified method of proportions. Consider a set of three numbers, a > 
m > b > 0. Remember that the arithmetic mean is defined by the proportion 


a—m a 


m—b a 

Take 4 € (0, 1) and multiply the first member of the proportion by A/(1 — A). 
Now m will give the weighted arithmetic mean of a and b. We shall proceed 
like this in all cases. Remark that in the case of the geometric mean, a weighted 
variant is obtained: 


1 
G(a,a,b)= a Ke = 2) a? 44,0 =2)ab= 01 -2)a] F 
which is completely different from the usual 
Gila, b) =a*-b'™, 


The following method of construction of new means as an integral average 
of a given family of means was considered in Toader (1998a). 


Lemma 4. /f R= {R;, t € [a, B)} is a family of means and p:R+ > Risa 


strictly monotonic function, then 


1 B 
Mp,r(a, b) = p' (== / p(Ri(a,)) (2.14) 


defines a mean. 
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The representation of 4A ® G by (1.16) can be interpreted this way. Let us 
consider another special case of the above construction of means. Denote by 
P, = {Pn.t, t € 10, 1]} a family of weighted power means. The following result 
holds. 


Lemma 5. We have 
Me,,.P, = Dr+n.n (2.15) 


for everyr,neR. 


Proof. It is enough to make the computations indicated by the definition (2.14) 
in the following cases: 1) n 40, nA-—r; ii)n=0, r £0; iii)n = —r £0; 
iv)n=r=0. 


Remark 19. If we write (2.15) as 
Drs = Me,_..Ps5 


we get an integral representation of the Stolarsky means. This result appears 
in Carlson (1972) for r = —1, s = 1, in Neuman (1994) for r = 1, s =O, and in 
Pittenger (1980) for s = 1 with arbitrary r. 


The means M, R defined by (2.14), for different functions p or different 
families of means R, are also compared in Toader (1998a). 


1 1 


Theorem 19. [f the function gq o p~ is convex and q~~ is increasing, then 


Mp,R < Mgr (2.16) 
for every family of means R. 
Proof. Jensen’s inequality for g o p~! gives 


1 B 1 
qop' ( i P(R; (a, a) = iE ap lope @b)de 
B-a a Bp-a 


1 


and applying g~° we get the result. 


1 


Remark 20. For other combinations of convexity/concavity of go p~* and 


monotonicity of g~! we also get (2.16) or its reverse. 


Theorem 20. /f R and R’ are two families of means such that R; < Rj, for all 
t €[a, B], then 


Mp,R < MyR (2.17) 


for every function p. 
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Corollary 6. The means D,., are increasing in both r and s. 


Remark 21. This property is known from Stolarsky (1975). A more general 
problem related to the comparability of two arbitrary means D,,; and D,’ 5 is 
solved in Leach and Sholander (1983) and Pales (1988a) forr #s andr’ 4s’. 


In Czinder and Pales (2003), the final result allowing the case of equal pa- 
rameters is proved. 


Theorem 21. The comparison inequality 
Drs < Dy! 
holds if and only if the conditions 
r+s<r'+s’ 
and 
l(r,s) <1l(r’,s’), kr, s) < kr’, s’) 
are satisfied, where 


Lir,s), ifr,s>0 


lr, s)= . 
0, otherwise 
and 
Ir| — |s| if ros 
k(r,s)= r-s 


sign(r), if r=s. 


Remark 22. Similarly, two sum means are compared in Pales (1988) for distinct 
parameters, and in Czinder and Pales (2000) in the general case. 


Theorem 22. The comparison inequality 
Sr,5 SSp1,5/ 
holds if and only if 
rt+s<r+s’ 


and 


min{r,s} < min{r’,s’}, if min{r,s,r’,s’}>0 
max{r,s}<max{r’,s’}, if max{r,s,r’,s'} <0 


k(r,s) <k(r’,s’), if min{r,s,r’, s’} <0 < max{r,s,r’,s’}. 
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2.1.7 Weak and angular inequalities 


A comparability of means on a subset was considered in Schoenberg (1982) and 
Foster and Phillips (1985). 


Definition 5. The means M and N defined on J are in the relation 
M<DN, 
where DC J x J, if 
M(a, b) < N(a,b), V(a,b) € D. 
If the last inequality is strict for a ~ b, we write 
M<pN. 
If M <p N and N <p M, where D'= J x J \ D, we write 
M <pN. 
Remark 23. If the means M and N are symmetric and M <p N, then D has a 
kind of symmetry: 
(a,b)eD=>(b,ayeD. 
The following definition was given in Toader (1987). 
Definition 6. The means M and WN defined on J are in the weak relation 
M<WN 
if M <p N for D={(x, y) Ee J x J3 x < y}. 
Remark 24. If p <q, we have 
Aq < Ap, Gq < Gp, Ha < Hp. 


Remark 25. We have seen that homogeneous means are defined on (0, co). The 
comparison of homogeneous means can be done only on special sets. 


Definition 7. The set D C R x R is called starshaped if 
(a,b) € D,t > O implies (ta, tb) € D. 


The following property holds. 
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Lemma 6. [f the means M and N are homogeneous and M <p N, then the set 
D is starshaped. 


A relation of this kind was given in Toader and Toader (2002b). Let m > 1. 
Definition 8. The means M and N are in the symmetric angular relation 
M <j, N 
if M <p N for D= {(x, y) e Ri; y/m<x< my}. 
Theorem 23. Let us make the following denotations: 


14/5 24/2 3475 
5 ,s2= 5 ,s3= 7 


sl 


and t1,t2,t3,t4,t5 > 1 be the corresponding roots of the equations 


P—2+r-1=0, P—/P -2r+1=0, P—2 -t-1=0, 
3 — 3t7 4+ 2t-—1=0, respectively P5444 10, 


We have the following symmetric angular relations between the Greek means: 


Fs <2 Fio, Fa <2 H, Fr <2 A, A <2 Fo, A<3 Fro, 
Fy <s1 H, C <s1 Fo, F5 <s2 Fo, 
F3<s3 G. G <s3 Fo, Fa <1 Gs, Fo <12 Fo, 
C <3 Fio, F7 <r4 Fo, Fo <r4 Fio and Fg <15 Fio. 
Some inequalities between trigonometric means are proved similarly, in 
Jecklin (1953). In Toader and Toader (2008) and Toader (1989, 1998c) are 


proved some weak and angular inequalities between weighted geometric means 
or some non-symmetric means. 


2.1.8 Operations with means 


Ordinary denotations for operations with functions are used in what follows. For 
example, M + N is defined by 


(M + N)(a,b) = M(a,b) + N(a,b), Va,be J, 
while AM by 
(AM)(a,b) =i- M(a,b), Va,be J. 


Of course, if M and N are means, the result of the operation with functions is 
not a mean. We have to combine more operations with functions to get a (partial) 
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operation with means. For instance, in Tricomi (1970) the linear combinations 
rA+sG+(U-r—s)H 


are characterized, which are means. In Janous (2001) a generalized Heron 
mean AG + (1 — A)A for 1 € (0, 1) was considered. For A = 1/3 we get the 
Heron mean. 

Of course, the set of means (defined on an interval J) is convex, i.c. AM + 
(1—A)N is a mean for A € [0, 1]. The following properties are given in Borwein 
and Borwein (1987). 


Proposition 2. The isotone (symmetric), (strict), (homogeneous) means form a 
convex Set. 


Remark 26. Using operations with A and V, we can give the Greek means as 


follows: 
V+A 2VA a oe 
A= ,GH=VVA, H= : 
2 G V+A V+A 
1 2 
G25 V—-A+V(V—A)* +42], 
l 2 
te=5 | ARVEY =A) +4v?], 
v2—-vata2 v2 
Fy= , Fg = ———_ 
Vv 2V—-A 
A(2V —A) 1 
Fy = "and Fig = 5 [A+ KEV -3A)]. 


Of great importance for what follows is the composition of means. Given 
three means M, N, and P on the same interval J, the expression 


P(M, N)(a, b) = P(M(a,b), N(a,b)), Va,be J 


also defines a mean P(M, N) on J. The special cases A(M, N) and v(M, N) 
are denoted simpler as M A N and M V N respectively. 
Some relations like 


G(Pn, P_n) = G, 


or 
P2n (G, Pon) = Pr 


are given in Gini (1958). 
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The following pre-means were considered in Kim (1999): 


B) ona(§) tna maa(B) 
Ki; =A\|—] , Ko=Al—) , Ka =A—, Kg=Al—) , 2.18 
1 (z 2 0 3 G 4 G (2.18) 


ae ay 
ks=a(2) ; Kez al. and k=a(2) ; (2.19) 
G P2 G 
where O is given by 


O= P4,3/4(Pa, G). 


In Toader (2001), it was proved that only K; and K6 are means. In fact, the 
following problem was studied: if M, N, and P are means, let us consider the 
pre-mean 


M-N 


P 
For what triples of means we get a mean? The following results were proved: 


Lemma 7. [f the means M,N, and P are in the relation M < N < P, then 
MP/N is amean. 


Lemma 8. [f the means M and N are such that M,N > G then MG/N is a 
mean. 
Other results of this type were given in Toader and Toader (2002): 


Theorem 24. For m,n, q > 0, the pre-mean Pub is a mean if and only if the 
q 


condition 


nm 
> 


~n+m 


is satisfied. 


Corollary 7. The pre-mean I? /P,, is a mean if and only if n > Ins/2 while the 
pre-mean P2/T is a mean if and only if n < In 4. 


Corollary 8. The pre-mean P2/E is a mean if and only if n < 2 but there is no 
n > 0 such that E* Pp, be a mean. 


Corollary 9. The pre-mean L?/P, is a mean if n > 1/6 but there is non > 0 
such that P2/L be a mean. 


Relations among the parameters m,n,q,r > 0 such that the expression 
r 
Pin . (Pn/Pa) 


is a mean were found in Toader and Toader (2003). 
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2.1.9 Universal means 


The following definition was introduced in Toader (2007a). 


Definition 9. A mean U is called upper universal if there exists a constant 
p > O such that 


pV <U<vV. 


Remark 27. Of course U is an upper universal mean if and only if the inequality 
1 
M<-—U 


holds for every mean M. 


Theorem 25. The following means are upper universal: i) S;.5., for r > s > 0; 
ii) Spy, for r > 0; iti) Ca for r > 1; iv) P,., for r > 0; v) Ds for 
rs(r —s) #0; vi) F5; vii) Fo; viii) Fy; ix) Fe. 


General results of the following types were also proved. 


Theorem 26. If f : Ry — R is a bijective function and f~' is concave, then 
the weighted quasi arithmetic mean A, (f) is upper universal. 


Theorem 27. If f : Ri — R is an increasing convex function, then 


b 
Vif, (a,b) =f (—/ fds) Wa, b > 0, 


defines an upper universal mean V (f, 1). 


Definition 10. A mean U is called lower universal if there exists a constant p 
such that 


A<U<pa”. 


Remark 28. The mean U is lower universal if and only if for some p 4 0 the 
inequality 


holds for every mean M. 


Theorem 28. The following means are lower universal: i) S;5., for r <s <0; 
ii) Sy: for r <0; iii) Py:, for r <0; iv) Fo. 
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Definition 11. A mean U is called universal if it is upper universal or lower 
universal. 


Remark 29. If U is an universal mean then there exists a constant p such that 
each mean is comparable with pU. 


Theorem 29. The following means are not universal: i) the Gini mean S, 5. 
for s <0 <r; ii) the logarithmic mean L,, r # 0; iii) the geometric mean G; 
iv) the Greek mean F\o. 


Remark 30. If U is an upper (lower) universal mean and W > qU (respectively 
W <qU), then W is also an upper (respectively lower) universal mean. 


Example 2. The inequalities (2.12) imply that the means Z and € are upper 
universal. 


Remark 31. In the sequence of inequalities (2.12) the first mean H is lower 
universal, then G and £ are not universal, while the last means are upper uni- 
versal. In fact this order cannot be changed in no chain of inequalities. 


2.1.10 Invariant means 


As it was shown in Chapter |, the determination of the A4GM was done by Gauss 
with the help of the relation (1.18), thus 


I(A(a, b), G(a, b)) = (a, b),Va,b > 0, 
leading to 
M (A,G)=M. 


This property was generalized in Borwein and Borwein (1987) as to the follow- 
ing. 


Definition 12. The mean P is called (M, N)-invariant (or invariant with re- 
spect to M and JN) if it verifies 


P(M,N)=P. 
Obviously we have the following duality property: 


Lemma 9. If the symmetric mean P is (M,N)-invariant, then it is also 
(N, M)-invariant. 


The following property was proved in Toader and Toader (2006). 
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Lemma 10. /f the means M and N are symmetric and P is (M, N)-invariant, 
then P is also symmetric. 

A similar result can be also proved. 


Lemma 11. /f the means P and M are symmetric, P is strictly isotonic and 
(M, N)-invariant, then N is also symmetric. 


Proof. We have 
P(M(a,b), N(a, b)) = P(a, b), P(M(b, a), N(b, a)) = P(b,a),Va,be J. 
As P and M are symmetric, the second equality gives 
P(M(a, b), N(b,a)) = P(a,b),Va,be J, 
thus 


P(M«a, b), N(a, b)) = P(M(a,b), N(b, a)), Va, be J. 


The strict isotony of P implies the symmetry of NV. 


The importance of this notion in the study of double sequences will be dis- 
cussed in the next chapter. For the moment, let us underline some problems, 
interesting in themselves. Given a family Z of means, a first problem is that of 
the study of invariance of a given mean P with respect to the family Z. This 
means the determination of all the pairs of means (M, N) from Z such that P 
is (M, N)-invariant. A second problem is named invariance in the family Z. It 
consists in determining all the triples of means (P, M, N) from Z such that P 
is (M, N)-invariant. A third type of problems was called in Brenner and Mays 
(1987) as reproducing identities and assumes the determination of quadruples 
of means (P, M, N, Q) from Z such that 


P(M,N)=@Q. 
This problem has the trivial solution 

P(M,M)=M 
and all the solutions of the invariance problem 

P(M,N)=P, 


but it can also have other solutions. 
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Many such problems were formulated as functional equations. The first one 
was related to the invariance of arithmetic mean with respect to the fam- 
ily of quasi-arithmetic means A(f). It was solved in Suté (1914, 1914a) for 
analytic functions f and in Matkowski (1999) for the second order continu- 
ously differentiable functions f. As a consequence, this problem is called the 
Matkowski-Sut6 problem. The regularity assumptions were weakened step- 
by-step in Daréczy et al. (2005), Daréczy and Padles (2001, 2002), arriving at 
simple continuity hypothesis on the functions f. The problem of invariance of 
the arithmetic mean 4 was studied later: 

— with respect to the family of Lagrangian means, in Matkowski (2005); 

— with respect to the family of Beckenbach—Gini means, in Domsta and 
Matkowski (2006); 

— with respect to the family of weighted quasi-arithmetic means 4, (f), in 
Burai (2007); 

— with respect to the family of generalized quasi-arithmetic means 4'/8], in 
Bajak and Pales (2009), where 


A 8la,b)=(f+g9)'(f@+eg(b)); 


— with respect to the family of Lagrangian quasi-arithmetic means adh, in 
Mak6 and Pales (2009), where 


1 
AG@b=F (/ f(tx+(—dy) 7) 


— with respect to the family of Bajraktarevi¢ means Wg, in Jarczyk (2010). 
Given a mean M on J, a continuous strictly monotonic function f on J, and 
the numbers p,q € [0, 1], in Dardczy and Pales (2001) a M-conjugate mean 


M a a is defined by the formula 
Mi, »)(@.b) = fpf @) + af) + - p-@)f(MGa,b))), abe J. 


The family of means (Mi, gi Pde [0, 1]} contains the mean M = his the 


weighted quasi-arithmetic mean A»)(f) = M, f and the mean M 4 1) given 


(p,1—p)’ 
by 


Mi,1)(a,b) = f'(F(@) + fb) — f(MG,b)), abe J. 


This can be written as 


f(M(a,b)) + f(ME (a,b) = fa) + f), 
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or 


A(f)(M, Mi) =ACf), 


thus A(f) is (M, M(,1))-invariant. An extension theorem for a Matkowski-— 
Suté problem was given in Daréczy et al. (2003). 

Also in Glazowska and Matkowski (2007) the problem of invariance of the 
geometric mean G with respect to the family of Lagrangian means was studied. 

The problem of invariance was studied in the family of Beckenbach-Gini 
means in Matkowski (2002) and in the family of weighted quasi-arithmetic 
means in Jarczyk and Matkowski (2006) and Jarczyk (2009). The second prob- 
lem was solved in Jarczyk (2007) as follows. 


Theorem 30. The functions a, B, y € CM(J) and the numbers p,q,r € (0, 1) 
satisfy 


Aly (0) (Ag (B), Ar(v)) = Ap(@) 


if and only if the following two conditions are fulfilled: (i) p=r/(—q +r); 
(ii) there exist a,c € R\{0} and b,d € R such that 


B(x) =a-a(tx)+b,ya)=c-atx)+d,xe J, 
or p=1/2 and 
Bx) =a-e" +b, y(x)ac-e MO 4d,xEJ, 
with some X. € R\{O}. 


Remark 32. For p = 1/2 and a = e, we obtain the solution of the Matkowski-— 
Suté problem. 


Remark 33. Let J C R be an interval, p,r € (0, 1) be fixed, and the functions 
f,g: J — (0, 00) be continuous, f being strictly increasing and g being strictly 
decreasing, and f be one-to-one. Then the following conditions are equivalent: 

(i) the quotient mean Q!/8! is (Ay ; A, )-invariant; 

(ii) the product fg is a constant function and p+ r= 1; 

(iii) for alla,be J, 


Qlsla,b) =f"! (VF@F@). 


f(a) f(b) ) 
pf(a)+(U— py fb) ]- 


Apt fy(a,6) = f"( 
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The problem of invariance in the class of Heinz means was solved in 
Besenyei (2012). It was proved that if 0 < p,q,r< 5 then the invariance equa- 
tion 


Vy 1—p(V,1-¢: V;1—r) = Vp1—p 


is valid if and only if p=q=r. 

The first reproducing identities problem was studied in Brenner and Mays 
(1987) for the families of Lehmer means and for that of power means. Their 
results will be given later. A problem which is somehow related was solved in 
Daréczy and Pales (2003). It is proved that the solutions of the equation 


Au (An (a), Aa (B)) = Ar 


on an interval J are the following: 

(i) IfA A 5, thena =B=e; 

(ii) If A = 5 and pe ¢ {5, 2}, thena =p =e; 

Gi) fA = w= 7 then a(x) = exp(px) and B(x) = exp(—px), for some 
p>O0; 

(iv) If A = 5 and p = 2, then w = B =e); or 

a(x) = ./p +x, B(x) =log./p +x, with such a p that p+ x > 0 for 
xe J;or 

a(x) = ./p — x, B(x) =log /p — x, with such a p that p — x > 0 for 
xeJ. 

Let us remark that the solutions from (iv) are not solutions of the invari- 
ance problem, but .4,, is not a mean. The special case A = 5 was also solved in 
Glazowska et al. (2002), while the case 4 = jz was also solved in Daréczy and 
Pales (2003a). 


2.2. COMPLEMENTARINESS 
2.2.1 Complementary means 


Given two means M and N, it is very difficult to find a mean P which is 
(M, N)-invariant, as it was seen in the case of the AGM. Another method 
was considered to surpass this situation. The idea was taken from Gini (1958), 
where two means M and N are called complementary (with respect to A) if 
M + N = 24. We remark that for every mean M, the function 2-4 — M is 
again a mean. Thus the complementary of every mean M exists and it is de- 
noted by “M. The most interesting example of mean defined this way is the 
contraharmonic mean given by 


C=SH. 


But we have also °E = Nj jexp. 
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A second notion of this type also considered in Gini (1958) is the following: 
two means M and WN are called inverses (with respect to G) if M- N = G?. 
Again, for every (non-vanishing) mean M, the expression G? /M gives a mean, 
the inverse of M, which we denote by 'M. If the mean M is homogeneous, we 
have 


1 
ii 
M (5.3) 


which is used in Borwein and Borwein (1987) as definition of the inverse. For 
example, we have 


'M(a,b) = 


b4\ a5 
'A=H and ira.) =e(%) : 
a 


In Toader (1991) and in Matkowski (1999), a generalization of complemen- 
tariness and of inversion was proposed. 
Definition 13. A mean JN is called complementary to M with respect to P 
(or P-complementary to M) if it verifies 


P(M,N)=P 


Remark 34. Of course, 4-complementary is equivalent to complementary and 
G-complementary to inverse. Also, N is P-complementary to M if and only if 
P is (M, N)-invariant. But, in some cases, given the means P and M we are 
able to determine a mean WN (in a family of means) which is P-complementary 
to M. 


Remark 35. The P-complementary of a given mean does not necessarily ex- 
ist nor is unique. For example, the I1;}-complementary of IT; is any mean M, 
but no mean M ¥ IT, has a II,-complementary. If a given mean has a unique 
P-complementary mean N, denote N =? M. 


Proposition 3. For every mean M we have 
Gi) “M=M, 
(i) “M1; =Mo, 
(ii) ™=M=T 
and we shall denote also 
(iv) "1,)=M 


meaning that 11, (1, M) = T; for every M. 
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If P is a symmetric mean then 
(v) "My =TMh, 
(vi) PA=V, 
(vii) ?(?M) =. 
Remark 36. In what follows, we shall call these results as trivial cases of com- 


plementariness. Of course, we are interested in determining non-trivial cases. 
The following existence theorem was proved in Matkowski (1999). 


Theorem 31. Let P be a fixed symmetric mean on J which is continuous 
and strictly isotone. Then every mean M on J has a unique P-complementary 
mean N on J. 


We want to consider some non-trivial examples. We begin with the 
case of Greek means, which was studied in Toader (2004). Denote the 
¥;-complementary of a mean M by Fim, 


Theorem 32. We have successively 


AM=2A—M:; 
2 
M 

M.-H 

2M —H 


CM =5-(c+ VC +4mc—4m?); 


5 [fs + JF: OFs —4M)] . if Fs <M 


FS é 
Fs+M— , if Fs>M 
ae fot mM — if Fo<M 
5[Fo+ VFO Fs —4M)] , if Fs > M 
5[M+V/MGF—-3M)| if A<M 
Fly = 3 
3 [M+ Fr+ [FP 2M 3M?) Fy > 
2 7 
58 — 2M — * a 


Fg + J F3(Ff3 —M), if fg>M 
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M —./M(M — Fo), if Fo<M 


FIV = ; : 
Se , if Fo=>M 
5 [M+ Fin — [M+ 2M Fin ~ 373 »fFi0o<M 
FO yy — 
M — Fio + 42 . if Fio=zM 
Remark 37. If a mean M is not comparable with ¥; (for some i = 5,..., 10), 


then 7 M has two expressions, depending on the relation between M and ¥; in 
the given point. For example, we have: 


M(a,b) — /M(a, b)[M(a, b) — Fo(a, b)] 
F°M (a,b) = if Fo(a, b) < M(a, b) 


M?(a,b) . 
IM (a,b)—Fo(a.by if Fo(a,b) > M(a,b). 


The complete list of means which are the complementary of a Greek mean 
with respect to another is given in Toader and Toader (2004) and Toader and 
Toader (2004a). As a consequence, the following invariance in the family of 
Greek means (see Toader and Toader, 2005) was deduced. 


Theorem 33. Among the Greek means we have only the following relations of 
invariance: 


A(H,C) =A, A(F;, Fo) =A, G(A,H) =G, G(R. FP) =G, 
or their duals. 


The complementariness with respect to P,,., for 4 ~¢ 1 was considered in 
Costin (2004b). If we denote by Pid) M the Py».,-complementary of M, we 
find the expression 


1 

m m 
P(m:d) yy _ Ps) — 2X: * 7 4 ; 
1-d ; , 


while, for m = 0 we have 


a 
GO y = (4) me 
Mi ; 


Lemma 12. The pre-mean ?"*) M is a mean for every mean M and each 
m € R if and only if0 <A < 5. 
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Proof. Taking m > 0 and a < b, we have 


at a= a n 


b Pima) yy ,b 
> (a,b) > ii 


The last expression is greater than a if and only if 1 — 2A > 0. Other cases can 
be treated similarly. 


Remark 38. This complementary mean can exist also for 1/2 <A < 1, but only 
for some means. For example, we have 


1 
Ga) Gu = Grr—w for O<iA < aa (2.20) 


We shall refer also to the following special cases 


GO G1 =G (2.21) 
GOA 
G ee (2.22) 
GUST, = G (2.23) 
62/9) Gg — 1, (2.24) 
GA) Gu = Ny 
9G, = Gi-u 


Remark 39. The complementary of a mean with respect to an arbitrary mean, 
like Z, is generally difficult to determine. To find some necessary conditions on 
a mean to be the complementary of a given mean with respect to another, series 
expansions of means will be used in what follows. 


Let us give a comparability result for the complementaries with respect to a 
given mean. 


Theorem 34. If the isotonic mean P is (M, N)-invariant and (M’, N’)-invari- 
ant, then M < M' implies N > N’. 


Proof. We have 
P(M,N)=P=P(M’,N’) 
and 


P(M,N)<P(M’,N), 


60 Means in Mathematical Analysis 


thus 


P(M',N’) <P(M’,N), 


implying N’ < N. 


Corollary 10. If M < N then 9M > YN. 


Example 3. The sequence of inequalities from (2.10) can be augmented as: 
A>I>L>G=9G> 9L> 9I> GA=H. 


Remark 40. The mean C is not isotonic and “4 is not comparable with ©G. 


2.2.2 Algebraic and topological structures on some set of means 


In Farhi (2010), some structures on the set Mp of strict symmetric means de- 
fined on a nonempty symmetric domain D C R? are presented. First of all 
on Mp a structure of abelian group is defined. For this, the set Ap of asym- 
metric maps on D is considered, that is the maps f : D > Rx satisfying: 


fO,x)=—-f@,y), V@,y) € D. 


It is clear that (Ap, +) is an abelian group with the neutral element the null 
map. It is easy to prove that the map g: Mp —> Ap given by 


1 M(x, y)-—x f 4 

og —— 1 

g(M)(x,. y=} “Sy—mMGy © 77% 
0, if x=y 


is well defined. Moreover, is a bijection and its inverse map y~! for f € Ap 
is given by: 


xt yey) 


oN Y=MO= Feng 


, , yeD. 


Of course g(M) = f. Through 9g, the abelian structure (Ap, +) can be trans- 
ported on Mp. For this, the following internal composition law x is defined 
on Mp: 


M*N=g'(g(M)+9Q(N)). 


As gy '(0) = A, we deduce that the arithmetic mean is the neutral element of 
the group (Mp, *). 
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Given a fixed P € (Mp, *), the symmetry with respect to P in the group is 
defined by: 
Sp(M) = N if and only if M« N= Px P. 


It is proved that 


NG, yy = 2M aE y)? — y(P —x)?(M — y) 
(Ma) (P — 2 — (P— 22M — y) 


where, for simplicity, it was denoted M instead of M(x, y) and P instead of 
P(x, y). For instance: 


Sq(M) =2A—-M= 7M, 


2 
Sg(M) ==" = 9M, 
HM 
8x) =a M. 


It is an open question to determine all the means P for which 
PM= Sp(M) for each M € Mp 
in the case D = (0, +00)?. 


In the same paper a metric space structure on Mp is constructed. For M, N € 
Mp, define 


d(M, N) = sup 
(x,y)ED, xAy 


M(x, y) -NQ, y) 
x—y , 


(2.25) 


It is proved that d is a metric on Mp and the metric space (Mp, d) is identical 
to the closed ball of center 4 and radius 1/2. If we denote g(M) = f and 
g(N) = g, then 


1 1 
d(M,N)= su F 
Om) Ge (am +1 e8@) 4 :) 


If D = J’, where J is an interval of R and d(M, N) <1, it is proved that 
there exists an unique mean P which is (M, N)-invariant. The result is not nec- 
essarily valid if d(M, N) = 1. 

There are other papers that deal with algebraic and topological structures on 
sets of means, for example Matkowski (2002a). 
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2.2.3. More about pre-means 


Some of the definitions related to means were generalized in Toader and Toader 
(2007) to allow the study of relations between pre-means. Let D be a set in Ri 
and M be a real function defined on D. 


Definition 14. The function M is called a mean on D if it has the property 
aNb<M(a,b)<avb, V(a,b)eD. 


In the special case D = J 2 where J C R, is an interval, the function M is 
called mean on J. 


Definition 15. The function M is called a pre-mean on D if it has the property 
M(a,a) =a, V(a,a)€D. 
A function M (not necessarily a mean) can have some special properties. 


Definition 16. i) The function M is symmetric on D if (a,b) € D implies 
(b,a) € D and 


M(a,b)= M(b, a), V (a,b) € D. 


ii) The function M is homogeneous (of degree one) on D if there exists a neigh- 
borhood V of 1 such that t € V and (a, b) € D implies (ta, tb) € D and 


M(ta, tb) =tM(a,b). 


iii) The function M is strict at the left (respectively strict at the right) on D if 
for (a,b) ED 


M (a, b) =a (respectively M(a, b) = b), implies a = b. 
iv) The function M is strict if it is strict at the left and strict at the right. 


Remark 41. Each mean is reflexive, thus it is a pre-mean. Conversely, each 
pre-mean on D is a mean on DN A, where 


A= {(a,a);a>0}. 


The question is if the set DM A can be extended. The answer is generally neg- 
ative. Take for instance the pre-mean 5S;.s5-, for A ¢ [0, 1]. Even though it is 
defined on a larger set like 


a 1/s b h ij/r 
,-1 = Ss aT ,forA>I1,r>s>0, 
_ a _ 
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it is a mean only on A. However, the above question may have also a positive 
answer. For example, a special result from Abramovich and Peéarié (2000) was 
generalized in Toader (2002a) as follows. 


Theorem 35. /f M is a differentiable homogeneous pre-mean on Ry such that 
0 
0<M,0,)D= ap MC 1) <1, 


then there exists the constants T'’ < 1<T" such that M is a mean on 
D={(a,b) €R2;T'a<b<T"a}. 


The previous result was strengthened in Toader and Toader (2007), by re- 
nouncing the hypothesis of homogeneity of the pre-mean M. 


Theorem 36. /f M is a differentiable pre-mean on the open set D such that 
0 < Mp(a,a) < 1, V(a,a) € D, 

then for each (a, a) € D there exist the constants T;, < 1 <T,’ such that 
ta < M(a,ta) <a;T/, <t<1 

and 
a< M(a,ta) <ta;l<t< fe 


Example 4. For M = A2/G as M,(1, 1) = (3 — 4A)/2, the previous result is 
valid for M if A € (0.25, 0.75). A table with the interval (T% T") for some 
values of A is the following: 


Xr T’ T” 
0.25 | 0.004... 1. 

0.3 | 0.008...) 1.671... 
0.5 | 0.087... | 11.444... 
0.7 | 0.598... | 113.832... 
0.75 1.0 243.776... 


For 4 ¢ [0.25, 0.75] one gets T’ = T” = 1. 
Remark 42. A similar result can be proved in the case 
0 < Ma(b, b) <1, V(b, b) € D. 


If the partial derivatives do not belong to the interval (0, 1), the result can be 
false. 
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Example 5. For M = S,.5.,, we have Mp(a,a) = 1 — 4. As we remarked, for 
X ¢ [0, 1] the pre-Gini mean is a mean only on A. 


2.2.4 Complementary pre-means 


Given three functions M,N, and P on D, consider the subset D’ C D such 
that (M(a, b), N(a, b)) € D, V (a, b) € D’. The composition P(M, N) can be 
defined on D’ by 


P(M, N)(a, b) = P(M(a, b), N(a,b)), V (a,b) € D’. 
If M, N, and P are means then D’/ = D. 


Definition 17. A function N is called complementary to M with respect to P 
(or P-complementary to M) if it verifies 


P(M,N)=PonD’. 


Remark 43. In the same circumstances, the function P is called (M, N)-invari- 
ant. If M has a unique P-complementary N, denote it by N=? M. 


Remark 44. If P and M are means, the P-complementary of M is generally 
not a mean, as we saw in some examples. For pre-means we get the following 
result. 


Theorem 37. [f P and M are pre-means and P is strict at the left, then the 
P-complementary of M is a pre-mean N. 


Proof. We have 
P(M(a, a), N(a,a)) = P(a,a), V(a,a) € D, 
thus 


P(a, N(a,a)) =a, V(a,a)€D 


and as P is strict at the left, we get N(a,a) =a, V(a,a) € D. 


The result cannot be improved for means, thus we have only the following: 


Corollary 11. Jf P and M are means and P is strict at the left, then the 
P-complementary of M is a pre-mean N. 
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2.2.5 Partial derivatives of pre-means 


Regarding the first order partial derivatives of pre-means defined on J, the fol- 
lowing results were proved in Toader (2002a). 


Theorem 38. /f M is a differentiable pre-mean then 
M,(c,c) + Mp(c,c)=1, Vee J. (2.26) 
Theorem 39. /f M is a differentiable mean then 
Mg(c,c) > 0, Vee J. 

Theorem 40. Jf M is a symmetric differentiable pre-mean then 

Ma(c,c) = Mp(c, c) = 1/2, Vee J. (2.27) 
Example 6. This property is valid for the Greek means 

A, G,H,C, Fs and Fo, 

but the other are not differentiable. 


Remark 45. For a mean, the relation (2.27) was proved in Foster and Phillips 
(1984). 


In Toader (2002a), also some results on second order partial derivatives of 
pre-means are given. 


Theorem 41. /f M is a twice differentiable pre-mean then 
Maalc,c) +2Map(c, c) + Mpp(c, c) = 0, Ve € J. (2.28) 
Corollary 12. [f M is a symmetric pre-mean then 
Mapl(c, c) = —Maalc,c),Veo€ J. (2.29) 
Most of the “usual” symmetric means have also the property 


= (ER Need. (2.30) 


Maa(c, ¢) = — 
Cc 


By direct (but difficult) computation, the following values of a in (2.30) were 
found: 


M Dy. Sr, 


r+s—3 | r+s—l 
7 12 4 
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Of course, here are included the values of £,, Z, and P, = S;9 = D»,.-. For the 
first six Greek means, which are differentiable, we have the values 


dQ 


M||Al G | # 


a || 0|-;]- 


Fs | Fe 


Io 
ol 
AIS 
LIS 


But not all the symmetric means have this property. For example, for the 
mean € given by (2.8), we obtain 


1 
Eaa(c, c) = Pea e J, 


thus it is not of the type (2.30). 
On the other hand a non-symmetric mean can also have the above property. 
For example, in the case of P,,, we have (2.30) with 


a=A(1—A)(n— 1). 


For higher order partial derivatives, by mathematical induction, the follow- 
ing result was proved. 


Theorem 42. If the pre-mean M has a n-th order differential, then 


E(k ak 
aI ) aaMeo= 1<k<n,VWeeJ. 


j Jak-i 
jo \ Ff 88 
Corollary 13. [f the symmetric pre-mean M has a third order differential, then 


M_3(c, c) = Mp3 (c, c) = —3M,2,(c, c) = —3M,2,(c,¢), Vee J. (2.31) 


2.2.6 Series expansion of means 


For the study of some problems related to means, the power series expansion 
was used in Lehmer (1971). Let M be a symmetric and homogeneous mean. 
Without loss of generality we may assume that M acts on the positive numbers 
a> band 


M(a,b)=aM(,b/a)=aM(1, 1-14), 
where 
O0<t=1-b/a<\l. 


For many problems it suffices to consider only the normalized function M(1, 
1 —1t) even if the mean M is not symmetric nor homogeneous. We shall give 
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explicit Taylor series coefficients of the normalized function for some means. To 
avoid the complication of the presentation, we shall call them series expansions 


of the corresponding means. 
Example 7. In the case of Greek means we need only the binomial series (1.29) 


for obtaining their expansions. Using the denotation of (1.30), the following 
results were given in Toader and Toader (2003a): 


t 
AU,1—-t)=1--; 
( ) 5 


CO 1 t” 
= = _ 1/2 _ n _ a es 
Gd,1-n= (1-97 =D (5) 5-1 8 i oe 


n=0 


_ 4)\2 -1 lee) n 
cone Betha(1-f) rat E (5) 


=l-~4+—+ 2454-5; 


51/2 
Fol, 1—1) == ( Pog) Sats ms 
oe a = 2 2 
[e-s) 2n 2 4 
t 1 1 /t fi t t 
) ee = ey —|]-—-— a fo see 
a (5) 2+ 8 Tet 


Fd,1—-f=1—-t+2; 


[o.@) 

=p" =1-r4P-P ete: 
n=0 

Ce ey 3 en ee 


1 9\ 1/2 
Fill 1—1) = 5 [1-14 (142-37) 


~ 1+t 
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a TIN. I n 5t* 
=1 2r 31”) Se P4ap a pes 
Ok +74 


We remark that three of these normalized functions are polynomials. 
Remark 46. Similarly we get 


_ 32 
Q@(l,1-)=1- 0-41-92 a), 


a 342 
(1 MAT a. 
24 


Remark 47. The determination of all the coefficients, for some means is im- 
possible. In these cases, a recurrence relation for the coefficients will be very 
useful. It gives a way to calculate as many coefficients as desired. To obtain it, 
we can apply an old formula of Euler presented, together with its history, in 
Gould (1974). 


Theorem 43. [f the function f has the Taylor series expansion 
[o,@) 
fQax)= Sean ax 
n=0 
p is a real number, and 
[fo]? »3 by x" 
n=0 


then we have the recurrence relation 


n 


YS Ik(p +1) =n] - ay by“ =0, 2 = 0. (2.32) 
k=0 


Proof. We use the differentiation of formal power series which is also justified 
in Gould (1974). Starting from the identity 


DiLf@)P™ = (p + DIF @)I? Dif) = Dell FGI? - f@)}, 


we have 
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Multiplying the series, we get 


(p+ 1) y (= Sok *ak* be = Dy b G So ax ; bt) , 
k=0 k=0 


n=l n=0 


thus 


> G Sok(pt Deut] =) (ne Savb-t} 


= k=0 n=1 = 


Equating coefficients, we have proved (2.32). 


Corollary 14. [fag #0 then 
b= ay 


and 


[k(p + 1) —n)-ay-bp-~, n> 1. (2.33) 


=1 


Corollary 15. [f the function f has the Taylor series expansion 


f(x)= be Rs 
n=0 


and p is a real number, then the Taylor series of | f (x)]? has the following first 
coefficients 


2 
=| =) a 
[fo]? =a) + pagar -x + pag [ir Sh ba] 9 


3 


reg Ll (p 2) 


- + (p Danaen es oa 


4 2 
p-4 ad al 
+ Pay 1) (p— 2) (p—3) 4, + (P— 1) (p— 2) a05, a2 


2 
a 
eee) (mas) aban] a4 le DO —2) 


5 3 
(p—3)(p—4) 2 + (p= 1) (p—2) (p= 3) ao shan + (p— 1) (p= 2) 
aja 


2 


-6 


1 
(a3 + aya3) +(p- la (a2a3 + a,a4) + ajas ae 4 pag 
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6 
|v l(p-2(p-I(P-H(p 4 


4 
+(p—1)(p—2)(p—3) (p 4) ay tar 


2a1a3 
3 


2 3 
2% ( 2 d 
+(p—1)(p—2)(p ie (a+ )+o 1) (p ar 


2 
a 
’ (3a?a, + 6a,a2a3 + a3) +(p- 1a (00 + aga4 + 3) + cs x6 


eee 


Lemma 13. Let the function 


fo.q:a(X) = [A+ qd — x) ,AA-I1. 


Its Taylor series coefficients 


00 
S.q:n) = So x"an(p, q, d), 


n=0 
verify the recurrence relation 


n—-1 


_ 1 _yyn—-k+1 Pp _ : 
an(P, 4,4) = ngd +A) dA ) ( Ak ) ue +1) —n]-ak(p,4,4) 
forn>= 1, with 


i 
ag(p,g,Ay=U+A)2. 


Proof. As 


[Fogn()]? =%+ x)? =) [x"ba(D, 2), 


n=0 
we get 


bo(p. a= A+ 1, baler r) =" (PY. ne, 


n 


The recurrence relation (2.32) is now 


n 


YS Ik@ + 1) =n] ag (p. 4.4) « bn-e(p, 4) =0, n= 0, 
k=0 
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which implies 
ng(1 a A) ‘ an (Pp, q; A) 


n—-1 
n- P 
+20 (Pg Jia +) =m -ai(p.4,2) =0. 


n > 1. It gives the recurrence relation. 


Corollary 16. The first terms of the Taylor series of the function fy q;. are 


given by 
Ces eo ee 
So.gav(%) = A+) | pte 
2 
p:x 
—-)d+A 1)]- 
+[¢(p-)U+A)- p@-D] Dqeedaw? 
~[q?-(p—1)(p—2)(1 +4)? —3qp -(p-D(@—-DA+4+A) 
+pq—0q—1))- ee — 4 1g? (p— 1) (p-2 (P-L 49? 
P| q Gog tLe q Pp Pp Pp 
pg (p—1) Tp— 11) (q—1) +)? + 69p? (p— 1) (q— gq - 1) +A) 
4 
3 px 


p@—-DGq—-DGq- DI aaa 


[q*- (p — 1) (p—2) (p—3)(p—-4) (1 +a)4 
—5pq° -(p —1)(p—2)Bp—-5)q-1) 
(L+A)° + 5p°q?-(p— 1) Sp —7) (q — Yq —1)- +a) 
—10p°q-(p— D(q— Yq - YBq-1)-( +A) 

: p:x° 
120g5- (1 +4)? 
+19? -(p — 1) (p—2)(p—3)(p—4) (p—5) +a)? 
—pq’-(p— 1) (p-2) (1p —132p+ 137) (q—1)+a)4 
+15p7q° - (p — 1) 2p — 3) Bp —5) (q—DQq-1)- +a)? 
—5p°q? (p — 1) 3p — 17) (q — Yq — Gq - +A)? 
+15p*q-(p— 1) @ — gq — Bq - Y(4q-1)- +A) 


+p*-(q— 24 -1)G¢q - 1)(4¢ - 1) 


6 
5g —1)(2q-1 1(4q -1 D]- oe 
Pg — DQ4— DGq— Ng — Na — DI Se ape + 


The following consequence was proved in Costin (2003). 
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Corollary 17. For the weighted power mean Pg;; we have 


Par(l,1—x)=[*+C-n0 —xyt]4 =(1-17- Sq.q.t/(1—-1) &) 


pees t 
=(1-1)7- ‘ —— 
(1—1) Yvan (2.00) 


n=0 
and we can determine the first terms of its Taylor series 


2 


Pai, l-x)=1-CU—-1f)-x+td—-t)@q D5 t(1—t)(¢q—-1) 


3 
-[tQqg-N)-@+t)]- _ +t(1—1)(q — Dit? Bq — 1) 2g -1) 


4 
—312q-YG+)+@tDG421- 5 


-1(1—1)(q — DIP (4q — D Bq - 1) 2-1) 
6t? (3g — 1) 2g-N(q+) 


5 
+1 2q— 1+) Tq +1) -@+D@4+DG431-S 


+t(1—1)(¢ — 1) - [t* 6q — 1 (4g - 1) Ba-D Aq-D 
—1007 (4g - 1) Gq-1)2¢-1)@t+) 
+51? (3g — 1) (2q-1)(q+1)(6q¢ +7) 


~5t (2g — 1) (q+ 1) (q +2) Bq +5) 
6 
++) G+ q+3 G44] G4. 


Corollary 18. For t = 1/2 we get 


XxX x2 x? x4 
Pil,1—x)=1-F+@-DE+@-DE-@-DE-DC+ Dz, 
(q —1)(2q? -4q DA +4 1) (q — 5) (16q* + 66q” — 79q — 189) 
x9 
"76080 7°” 


Its first part was given in Lehmer (1971). 
In Costin and Toader (2003), the following was proved. 
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Corollary 19. For the weighted Gini mean Sp, p—r;1, with r #0, t € (0, 1), we 
have 


A+ (1 — x)? 
A+ (—x)P-7 


1 
Sp, prt, l-x)= = Fora (x) . So-r,—r,a(X), 


where 


Thus its first terms are 


2, 
Spp-ruQ,l-ax)= 1-1) e410 -NQp-r-1)- ot 


2 
(1 —n[t(p? —-6pr +) ++ DCr+D)-3p(p—-r)-@-DGC+DI 
3 
5 t(1 —1) -[12(—24p? + 36 p2r + 1) — 12pr + Dr +1) 


+(r + DQr + DGrt1)) +14(24p? — 12p?Gr + 1) + 12p¢ + Yr — 1) 
—3(r + 1)(2r + 1)(r — 1)) — 4p? +. 6p? (r — 1) — 2p(2r? — 3r — 1) 


4 
+(r —2)\(r —N(r+)]- a —t(1—1)- [2 (120p* — 240p3(r +1) 


+120p?(r + I2r + 1) — 20p(r + DAr+ YVBr+1) 
+r + DQr + DBr + I4r + 1) + t7(—180p* + 180p3(2r + 1) 
—90p?(r + 1)(4r — 1) + 30p(r + 1) 2r + 1) Br — 2) 
—6(r — 1)(r + Dr + 1I)Gr + 1)) +t(70p* — 20p3 (7r — 2) 
+10p?(14r? — 6r — 9) — 10p(r + 1)(7r? — 12r +3) 
+(r — D)Qr + 1)(7r — 11) (7 + 1)) — 5p* + 10p?(r — 2) — 5p*(2r? — 6r +3) 
+5p(r — 2)(r? — 2r — 1) —(r + DG — D(r —2)(r —3)] - z t 
(1 —t)[t*(—720p? + 1800p*(r + 1) — 1200p? (r + 1)(2r + 1) 
+300p7(r + 1) 2r + YGr +1) — 30p +1) 2@r+ YGr+(4r+1) 
+(r + I) Qr + 1) Br + 1)(4r + Yr + 1D) +7 (1440p? — 720p* (Sr + 3) 
+480p3(r + 1)(10r — 1) — 120p?(r + 1)(2r + 1)(15r — 7) 
+60p(r + DOr + YGrt Y4r —3) — 1007+ DQr+ DYEr+)4r+) 
(r — 1)) + t7(—900p? + 90p*(25r + 1) — 60p7(50r? + 3r — 26) 
+90 p?(r + 1)(25r? — 27r + 1) — 30p(r + 1)(2r + 1)(15r? — 27r + 10) 
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+5(r + )DQr+ 1I)GBr+ Dr —-DGr-7)) 
+t(180p>? — 30p*(15r — 13) + 60p7(10r? — 13r — 2) 
—30p?(15r3 — 68r? — 6r + 17) + 30p(r + 1)(2r — 3)(3r? — 6r + 1) 
—5(r + 1)(2r + Ir — 1) — 2) Gr — 5)) — 6p’ + 15p*(r — 3) 
10p>(r — 2)(2r — 5) + 15p?(r — 3)(r* — 3r +1) 
—p(6r* — 45r3 + 100r? — 45r — 52) + (r+ I(r — Dr — 2)(r — 3)] 


x6 


Taking r = | we get: 
Corollary 20. For the weighted Lehmer mean Cy.; we have 
Cpr, 1—x) =1-(1-)-x +t —(p—1)- x? 


3 
—(p—Qt(p- 1) — p)- 5 


+t(1—1)(p — 1)[6t?(p — 1)* — 6tp(p — 1) + p(p+ UD) 


t(1 —t)(p — 1) - [2487 (p — 1)? — 361? p(p — 1)* + 2pt(p — (7p +4) 


x5 


—P(pt+ (pt 2] +td-O 1)[12004(p — 1)* — 24027 p(p — LD? 


+300? p(p — 1)?(Sp + 2) — 10tp(p — 1)(p + Gp +2) 


6 
+P(p + (p+ 2)(p+ 3) ee 


Corollary 21. For the Lehmer mean Cy we have 


CU,1—-x)=1 ae qi “x += +4 


(pP-D@tD(e-3) 4 (-V(P*—2P-1) 5 
48 32 

(p— 1) (p +3) (p—5) (2p? 40-1) 

=F 960 “Xo + 


The first terms were given in Gould and Mays (1984). 


Corollary 22. For the Gini means Spq we have 


1 p+q-1 4, ptq-!1 3 
SpgQ,l—x)=1 al 3 “Xx 16 “x 
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3 2 2 3 2 - 
—|2(p a ae a a a ad a 8 a leer 

3 2 2 3 2 a 
— [200° + pg + pa? +4°) - 3p +4 — 6p +4) +7] 


+16 (p° + p4q + p3q? + p2q3 + pat +45) —30(p* + 2p3q + 2p7q? 
+2pq? + q*) —395(p? + q°) — 365pq(p +4) + 615(p +4) 
6 
x 
+739(p + q) — 945]-—— + - - -. 
(p+q) 1: Z5080 
Remark 48. In the case of Stolarsky means, we have 


alls 


D,.5(, 1 x)= (- : a) r 


and if we write 


D,.s (1, l-x)= 8s,r(X) : 8r,s(X), 


with 


AY 


1-(1—x)8\ 
8s,r(X) = (—S) , 


we cannot use the above method for getting the power series expansion, because 
&sr(O) = 0. That’s why in Gould and Mays (1984) the auxiliary function is used: 


Setar 


SX 


8s r(x) = ( 
Theorem 44. For the Stolarsky means D,,.;, we have the following first terms of 


the power series expansion 


1 Pe is es are ie io 3 
“Xx “x “x 
2 24 48 


D,s0,1—x)=1 


— [203 + 72s +rs? 454) —S¢r-+s)? —70¢ +8) +225]. 
x 
3840 
+[16(r° tréstrs* +r2s3 +rs4 + 5°) - 42(r4 4 Ors 4 Dr? 57 
+2rs? +54) — 1687(r? + 57) — 1617(r +: s)rs + 4305(r + 8)” 

6 


— 
2903040 


7 [20 +r?s+rs* +s) —5(r+s)* —30(0r +5) + 105] ; 


+15519(r + s) — 59535] - 
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The series expansion of extended logarithmic means was obtained in Toader 
et al. (2012). 


Theorem 45. The first coefficients of the series expansion of the extended loga- 
rithmic mean Lp (with p # 0) are 


1 P-~3 0 _ P33 
LpQ,l—-x)=1 a 7A x 48 x 


(p—5)(2p?+5p—45) , 2p?—5p? —30p + 105 54 
X x Bae 
5760 3840 


Proof. Denote 


1 


= 1-qa—x)?\r [& P 
£p(l,1=2) = tna” = (oO) =(YoHs") . (2.34) 
n=0 


n=0 
This gives 


Ser) EEX) 


n=1 


Simplifying with p and x, we deduce the equality 


(-1)" { p-1 = yo et 
n+l n La k4 1’ 


k=0 


which allows the step-by-step determination of the coefficients /,, 


P P Pp 2 
bo=1, h=-Th= 7.2 , b=-—(p-2), 
0 1 51 2 1 | p—3) 3 74 (P ) 


P 3 2 ) 
(an =4 110p — 
4= 759 (6p Sp 110p=—90) ; 
Pp 2 2 ) 
ls = —-—— (p —4)* (2p* — 8p +9)... 
5 [4a (? ) (2p pt 


Using Euler’s formula for /, and hy, 


La 1 
hy = no E (1 + ~) a] lkhn—k; 


we get the result. 


Remark 49. For g = 0, the series expansion of the Stolarsky mean D, 4 gives 
the series expansion of the extended logarithmic mean £,. For p = 1, this gives 
the series expansion of the logarithmic mean (given in Costin and Toader, 2009), 
while for p = 0, we obtain the series expansion of the geometric mean. 
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Using series expansion of means, in Lehmer (1971) it was proved that the 
families of means P, and Cy have in common only the arithmetic, geometric, 
and harmonic means. More generally, in Costin and Toader (2003) the following 
result is proved. 


Theorem 46. The families of weighted means Pg.; and Cy.s have in common 
only the weighted arithmetic mean A;, the geometric mean G, the weighted 
harmonic mean H,, the first and the second projection TI; and TI». 


In Gould and Mays (1984) the special case of the families of means D,.s 
and C p> which have in common only the arithmetic, geometric, and harmonic 
means, was considered. More generally, in Costin and Toader (2003) the follow- 
ing result is proved. 


Theorem 47. The families of means D,,; and Sp,q have in common only the 
power means. 


2.2.7. Generalized inverses of means 


The basic results related to generalized inverses of means, that is to com- 
plementary with respect to G,, were given in Costin (2003). We denote the 
G,-complementary of M by GO) M. For . = 1/2 we use the simpler denota- 
tion 9M. 


Theorem 48. /f the mean M has the series expansion 
[o,@) 
M(1,1—x)=1+ ya 
n=1 
then its generalized inverse 9%) M has the series expansion 
[o.@) 
G)M(,1—x)=14+ > enx", 
n=1 


where the coefficients are given by 


Cn =— ) de Cn. n>=2 
k=1 


with 


lif k 
y= (a) tk Dank, n=1,bo=1. 
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Proof. As 
— 
GO y = (4) = 
M+ ; 
we get 
GOW .1—x)- ME Gd, l=2)=1—%. 
Denoting 
> [o,@) 
Mri(1,l—x)= 1+ > °d_x" 
n=1 
we get the conditions 
cq tb=-l 


n 
beta =O, n>2 
k=0 


where b,, is given by Euler’s formula. 


Corollary 23. [f the mean M has the series expansion 
oo 
M(1,1—x)= 1+) anx", 
n=1 
then the first terms of the series expansion of its generalized inverse 9” M are 
GO M(,1—x)=1 —(+a-a)-x+5[(@+ 1) a2 +2 —a2)| x? 
— = [(@+ I) (@+2)-a}+3(@+ 1)-a1 (ay — 2ap) + 6 (a3 — a2) ] x9 
+5[@+ 1) (a +2) (a +3)-a}+4ai (a+ 1) (a + 2) (ay — 3a2) 
+12 (+ 1) (a3 — 2a1 (a — a3) + 24 (a3 — ay) | «x4 alia +1 (+2) 
(a +3) (a +4) - a} + 5a} (a +1) (@ +2) (@ + 3) (a1 — 4a2) — 60a; 
-(@ + 1) (@ +2) (az — a3) + 60a (+ 1) ((@ + 2) a3 +2 (a3 — a4)) 
+60a2 (a + 1) (az — 243) — 120 (a4 — as)] - x? 
+5 [(@+ 1) (@ +2) (@ +3) (a +4) (a +5) a8 +604 (w+ 1) (a +2) 


-(@+ 3) (a+ 4) (Qj — 5an) — 120a; (a+ 1)(@+ 2) (a +3) (a2 — a3) 
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+180 (a + 1) («+ 2) ((@ + 3) a3 +2 (a3 — a4)) +360) (@ +1) 
-((a + 2) (az — 2a3) ay — 2 (a4 — as)) — 120(a + 1) (@ +2) a3 
+360 (@ + 1) (a} = 2ap (a3 — a4) +720 (a5 — a6) | -x° +++, 


where 


For the Greek means, the following consequences were given in Toader and 
Toader (2003a). 


Corollary 24. The first terms of the series expansion of the generalized inverse 


of the Greek means are: 


a(@—3) 2 


= 
Gadi =x)= 1+ ——" et 


2 8 
a(at+l)(@a—4) 3 a(a+l)(a+2)(a—5) 4 
* 48 yO 384 hee 
9 a: 
GG, 1— x)= 14 9S xt tb 
a (a? — 4 a (a? —4) (a +4 
2-4) 5 e@ Ord 4. 
48 384 
= = 
90 9, 1—x)=14+ = ep AO ee: 
a(a—I)(a+4) , aw(a—1)(a?+1la+22) , 
a 48 ose 384 BE SS 
=o =5 
seq,1—x=14 2S ep Oe yg 
,lot=Se=4) 5 e@ =D (at = Ba =26) 4, 
48 384 
=) = 
$0) F5(1, 1-2) =1+—S xt = 
a@+l)(@—7) 3. a(a?—8a?— 280-256) , 
- 48 sie 384 oe 
= —4 
$0) ¥6(1,1—x) = 14+ pp Ae x? 
a(a? —6a—1 a (a? — 8a? —4a+8 
2@2= 60-1) 5 a a 
48 384 


50 ,(1,1—x=1t@-1-x+ 289.2 
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see ed), 6 er ee) ae 


6 3 
5 R,1—x=14@-1-x4 229 


a(a@—-l)\(@@—-5) 3 a@—-l@-2)(@-7) 4. 
sr a es 4 “Xx fetes 


+1 
GO go(1,1—a1—xta-xt—a +P st y..., 


respectively 


a(2a+11) 4 
———————_ -x 


6%) @o1,1—x)=1l—x+ta-x*-2a-x?4+ ri 
Using them we can deduce the following property: 


Corollary 25. We have 
GO F, = F;, withi, j €{1,2,..., 10}, 
in and only in the cases 
GA=H, 9F,= Fo, 
or their duals. 


The series expansion of the generalized inverse of S, p—,;,, was given in 
Costin (2004). 


Corollary 26. The first terms of the series expansion of the generalized inverse 
of Sp, p—qiun We 
GS) p-g:w(, 1x) =1-(@p—a+l)-x-a(l—wl(@+2p—q)u 


x2 


a Fe = WI6p* + 6(@ — g)p + (@ — g(a — 2g) |u" 


(a—1)] 


3 
—[3p* — 3(q — 2a) p + 2a —q)(a—g)|ut+(@-D(@t+D}- a 
—a(1 — ){[24p? + 36(a — q)p* + 12(a — g)(@ — 2q)p 
+(a@ — q)(a — 2¢)(a — 3q)|u? + [—24p? + 12(3g — 4a — 1) 
-p? — 12(2a — 2g + 1)(@ — q)p — (@ — 2q)(@ — gq) (Ba + 2 — 3q)|u? + [4° 
+6(2a — q + 1) p* + 2(6a(2a — 2g + 1) — 3g +2q7 — 1p 


4 
+(a — q) (3a? + 4a — 3ga — 2g +q?— Du —(a—1)(a+ D@+2)}- a 
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+o(1 — w){[120p* + 240(@ — g) p® + 120(a — q)(w — 24) p 
+20(a — q)(a — 2q)(w — 3q)p + (a — q)(a — 2g) (a — 3q)(a — 4g) |" 
+[—180p* + 60(6g — 7a — 2) p*? — 90(a — gq) (3a — 4g + 2) p? 
—30(a — q)(a — 2q)(2a + 2 — 3q)p — (a — g)(a — 2q)(a — 3g) (4a +5 
—6q)|u> + [70p* + 20(10w — 7g + 6) p? + 10(—30ga + 18a? + 24a + 3 
+14q? — 18q) p” + 10(@ — q) (6a? + 12 — 12ga + 7q? — 124 + 3)p 
+(6a? — 12ga + 15a +5 +797 — 15g)(a — 2q)(a — g)|u? + [—Sp* 
+10(q — 2 — 2a) p? + (30ga — 30a? — 60a — 15 — 10g? + 30g) p” 
—52a + (2 — gq) (207 —2qa+4a—2q+ q? —-l)p-@- q)(403 - 6a? 
+15a7 — 15qa + 10a + 4q7a —5+5q7 — q? —5q)|u 


5 
+(a— I+ a+ 2a +3) Fo, 


2 
where o = 77z- 
Remark 50. For g = p we get the first terms of the series of SD a, (1,1—x), 


while for g = 1 we have also the first terms of the series of 9%) Cp;u 1, 1 — x). 


Using the above results, the following property was proved in Costin and 
Toader (2006b). 


Theorem 49. The relation 


GOS, p-7 b= Syr—s: v 


holds if and only if we are in one of the following cases: 


@) OS ei = S).r—s:05 
(ii) GOS agit = S,r—5:05 
(iti) FS p,p—q:0 = Spr—s315 
(iv) ©8,,p-q:0 = Ser 
Gy FB pp = On 

(vi) F298 5p = Spr—set 


(vii) 9Sp,p qin = S—p,—ptqil—p> 


or in an equivalent case, taking into account the property Ss yy = Sy,s-y- 


Proof. Equating the coefficients of x, in CONS oan, 1 — x) and in 
S;r—s:v(1, | — x) we have the condition 


v=a(1—-yp). (2.35) 
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Then, the equality of the coefficients of x* gives the condition 
a(1— yp) [u(2p —q) + (l—a@ + ap) (2r — s)] =0. (2.36) 


We consider the following cases: 1) @ = 0, which gives v = 0 and so the equal- 
ity (i); 2) w= 1, which also gives v = 0 and so the equality (ii); 3) For u = 0, 
(2.35) and (2.36) imply v = @ and a (1 — a) (2r — s) = 0. So we have to con- 
sider the following special cases: 3.1) 4p = v = a = 0 which represents a special 
case of (7); 3.2) u=0, v =a = | leading to (iii); 3.3) ~ = 0, s = 2r, which, 
assuming also the equality of the coefficients of x*, gives a = v = 1/2, a special 
case of (iv). 4) For uw 4 0, (2.36) implies 


2 (a+ ap) — 29) + (2.37) 


2u 
Replacing (2.35) and (2.37) in the coefficients of x°, we get again some special 
cases: 4.1) w=v=1/2,a=1,2p=qtr+s—2r;42)a=2,v=1u= 
1/2, q =2p which leads to (vi); or 4.3) 


[207u' + ap? (7 — 8a) + 5 (20° — 3a + 1) -—4(a- 17] r 


+ [pan (2p —sa)+ pe (880? — 6pa —7sa +4p)+ u(15sa — 10s 


2 


+2 pa —2p —5a)+ 4s (a — 1)| r + 2p (p — sat) + ag (s?a ee a 2ps 


—p*+ 3 pser) +p (2570? — 357a@ — psa + ps +5”) —s*(a—1)*=0. 
In the cases 4.1) we pass to the coefficients of x+ which gives 


(q-2p)(pt+r)(pt+tr—q)=9, 


getting so a new split: 4.1.1) p = —r,q = —s giving a special case of (vii); 
4.1.2) q =2p,s =2r, giving (vi); 4.1.3) q=s, p=s —T, leading to a special 
case of (vii). Similarly, in the case 4.3), the equality of the coefficients of x* 
gives the split: 4.3.1)a=1, p=-—r,q=-—s, v=1-— =, thus (vii); 4.3.2) 
a=1, p=s—r,q=s,v=1-—p giving also (vii); 4.3.3) s = 2r; 4.3.4) 


a s* (2u? — 5+ 1) — 2r (s —r) (8u* — Lu +2) 
"(a Ds? Gn — ) +4r (s —r) Bu — Su +) 


To solve the case 4.3.3) we pass to the coefficients of x°. We fall on special cases 
giving again (iv)—(vii). In the case 4.3.4) the coefficients of a give the condi- 
tion s = zr, where z is a root of the equation: uz* + (z — 1) (67 —8ut+ 1) =0. 
In this case we have to pass also to the coefficients of x°, but we get no new so- 
lution. The validity of the cases (i)—(vii) can be verified directly. 
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Corollary 27. The mean G), is invariant with respect to the set of weighted Gini 
means only in the following non-trivial cases: (2.23), (2.24), and 


CSO d= = (2.38) 


Some special results were also proved in Costin (2004), Costin and Toader 
(2005, 2005a). Similar results were given in Toader (2007). 


Theorem 50. The relation 


OOS ea =D 


holds if and only if we are in one of the following non-trivial cases: 
(i) BS Ge = Dy +5 
(ii) GSp0 = D_p,-2p- 

Theorem 51. The relation 


G(A) Drs = en 


holds if and only if we are in one of the following non-trivial cases: 
() 92D, _, = Spqiti 
(ii) 9 Das,s = So,-s. 
Theorem 52. The relation 
ID, 5 = Dp.g tspa(r —s)(p — 4) #0 
holds if and only if we are in the following non-trivial case: 
GD, , = D_>-s. 


Remark 51. For A = 1/2, the complete result, thus including rspgq(r — s)(p — 
q) = 0, was proved otherwise in Blasinska-Lesk et al. (2003). 


Theorem 53. The relation 
5 Dy,s = “Pd 
holds if and only if we are in one of the following cases: 
(i) Doo = Doo: 
(ii) §D,.0 = D_ro; 
(iii) oD, = D_y—r; 
(iv) 2D) 25 =Lp,—p» OF VD. = D_;-s, or Ege = D_s,-+. 


84 Means in Mathematical Analysis 


2.2.8 Complementariness with respect to power means 


Basic results related to complementariness with respect to power means were 
given in Costin (2004b). Denote the P,,,.,-complementary of M by Pm) M, or 
by P™ M if A = 1/2. 


Theorem 54. If the mean M has the series expansion 
CO 

M(i,1—x)=1+ aa 
n=1 


then P™ M has, form £0 and i. £0, 1, the series expansion 


CO 
Pm M,1—x)=1+ soa" 


n=1 


where 
Le 1 
oS k{—+1)—-n|-dk-cn-~,n=1, 
n m 
k=1 
with 
dn = (—1)” -_ —ab,, n>=1, 
n! 
1 n 
bn = — S[k(m +1) =n] ag dpe 2 =A, 
n 
k=1 
and 
xX 
bo = 1, a= {2% 


where (m), is given by (1.30). 


Proof. As 


we get 


=a). [P™ aM)" 1-2 +a-M™ (1-9 =a+-0 0)", 
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Denoting 
lo) 
M"(1,1—x)=1+ Yo dyx" 
n=1 
and 
a [o@) 
[Pon at] (,1—x)=1+ ans 
n=1 
we have 


. . ~ (m) 
(1—Aa)- So dax” +4- > bax” = (1—a)- So (-1)" —* x". 
n=1 n=1 n=1 Me 
Putting a = A/ (1 — A), we get 
(m)n 


dn = (— I" abn HZ 1, 
where 
1 
=> k(m+1)—n]-ap-Dn_-k, n= 1. 
n 
Taking 
1 
CO [o,@) m 
Pm) Y4(1,1—x)=1+ ae = (: a Su" : 
n=1 n=1 
we have 


ip 1 
=-) k{ —+1)-—n}-de-cn_-x~, n=l, 
Cn ps (+1) | k*Cn-k, N= 


obtaining the desired formulas. 


Corollary 28. If the mean M has the series expansion 
[o,@) 
M(i,1—x)=1+ Ruy 
n=0 


then the first terms of the series expansion of P™) M, form¢0 andr 0,1, 
are 


Pm) M4(1,1—x) =1—(1+e@-a,)-x+ — 5 (l= m) ay +47 + aa?) 
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—2a?| a. atl _ m)[(2a2m — a? +3am —3a+m— 2)a> 
+3(2am — a +m — 1)a? + 3may + 6a2 + 6(a + Layaz] — 603} - x3 
+A —m)-[(603m? — 5a3m + a + 12a*m? — 18a2m + 6a? + Tam 
—18am + lla +m? —5m+ 6)at + A(6a?m? —5a*m + a? + 6am — 9am 
+3a +m? —3m+ 2)a} + 6(4am? — 2am +m? — m)ay +4m(m + 1)a, 
+12maz + 24Q2Qam —a+m — l)aja2 + 12(2a*m — a? +3am — 3a 
+m — 2)ataz + 24(@ + laya3 + 24a3 + 12(a + 1a3] — 24a} - x4 +..., 


where 


Xr 


a= ——_. 
1-A 


Using them, the following consequence was proved in Toader and Toader 
(2004b). 


Corollary 29. We have 
Pd) § = F;, with i,j € (1,2, ..., 10}, 
in and only in the cases 
a = Fa, 
or their duals. 


Proof. Lemma 11 implies 4 = 1/2, and then equating the coefficients of 
x* (k=1,2,...) in ?™ (1, 1 — x) and in F;(1,1— x), we get the desired 
result. 


Another consequence was proved in Costin (2007a). 


Theorem 55. The first terms of the series expansion of the Pm-.)-complementary 
of Py: are 


: a 
POMP yy (LL x)= 1 (an a+ Dx = 5(u = (um — ou + apm 
2, 2,2 2 2 
—pupt+a-—1l—am+m)x* — aC 1) Bayu-m* — 3u“mp — 3ap-m 
—3a7 72m a 3a7mp + 30.7 p + 207 2m + a + pm? + 2 pe 
+3aump — up? — 407 nm? — 3aup+ 6a7 um — 2a? ju + um? — 1 — 3a2m 


+a? — 3am? + 3am + 207m? + m?)x? u4 (uw — 1)(—-2 -a-amp 
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+6a7mp + 607m = 18a?m? > — 6app — 12a?mp + 10a?m? w 


—33a3 m7 — 6bamp? + 3am"? — 6m" p + 6a” p + 2207m? yu? 
+3307 m? 1? + 3am" w a Laem pu? — Tom + 18a°mp = 180° mp 
+607 mp? = 607 up + 12a?” p = 6a > p + 2a7 — Lap? p* + 15au7 p? 
—4a pp” + 7am —m+ 18ma> p = 18ma” p + 207 = 4a? +au—mp 
+upt+ am — 1407m? + 2m? + 2m? + 2m? _ 2up* + A? p* 
+18a?mpp + 18a?m? p = 36a7?m" p +a? + 1la%m? — 6a°m — aw 
+303 7 - 307 + 6m? ap - 18m ap? p + 12m? aj.” p - 12a7?m7? up 
—12a7m? u3 p + 247m" p + I map? p? - 15map? p” + 4map” — Tam? 
+12a?m? — 603m? — up? + 67 p> = 6? p> + 120?m? > = 6m? > p 
—12a7m3 n + 180° m?> w + 3am? 7 = 1807 m3 pu? = 3am? w + 607m 
Tom? = Tm p* + L1mp? p? tmp+m py? +m > +m? 
—12y707m?3)x*4 fee, 


where 
Xr 


a= ——. 
1-A 


The problem of invariance in the family of weighted power means was 
solved in Costin (2007). 


Theorem 56. We have 
PUD =Pay,m £0, 


if and only if we are in one of the non-trivial cases: 


BOR = Paani: (2.39) 
i 2 = Pim:rd—p)/—a)3 (2.40) 
POP oi iy = Pall (2.41) 
PORT DD = Potty; (2.42) 
POPP) D1 = Po; (2.43) 
PQ4:4/5) Dy = Py. (2.44) 


Proof. Equating the coefficients of x, x*, ...,x° in PEN Pl; 1 — x) and in 
Pq,v(1, 1 — x), the above non-trivial solutions were obtained. 
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Remark 52. Some of the complementaries in the above theorem are only pre- 
means. 


Corollary 30. We have 
ais ee = Pq.v.m #0, 


where Pg. is a mean, if and only if we are in one of the non-trivial cases: 


(1) PP p.9 = Prn:aja—ays & € [0, 1/2] 

Gi) POY Piney = Pm:a—w)/—a); 4 € [0, 1/(2— w)]; 

(iii) PO Pm anna = Pgs d € [1/2, 1]. 
Remark 53. The problem of invariance in the class of weighted quasi- 
arithmetic means was solved by another method in Jarczyk and Matkowski 
(2006) and Jarczyk (2007). Of course, the weighted power means are weighted 
quasi-arithmetic means, but the above results include pre-means as comple- 
mentaries. The problem of invariance in the class of (symmetric) power means 


was solved in Lehmer (1971). The problem of reproducing identities for power 
means, 


Pin (Pasa) =P,, 

was solved in Brenner and Mays (1987). Only the trivial solution, 
Pm (Pp. Pp) =Pp, 

and the solutions of the invariance problem, 
Pin (Pp. P4) =P, 

exist. 


Remark 54. Some cases in which ?™ MP, uw = Sq,r;v are given in Costin 
(2007a). 


The problem of invariance of a weighted power mean with respect to the set 
of weighted Gini means was studied in Costin and Toader (201 2b). First of all, 
from Corollary 28 it is deduced: 


Corollary 31. The first terms of the series expansion of the P y.,-complementary 
Of Srr—siu are 


rote. Siow 


P(pir) § x 
1-A 2(1 — A)? 


rsp (l, L—x)=1 


Ap —2rurA+ spr 
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d—- 4) ip 


r 
=p 2ru—2pa 2a — 1)x? Sp ua” 
PL — Sh + 2ru— 2pr— p )x + 6a as Pu 


a ee + 3rspu— s*u = 3r7 + 6r> = 6rs + 257 17 +2 + 6priAu 
—3psrAut 6prap- = 3pshu = 6p? = 5p7A + 6p?" = 6pri7 + 3psh7? pL 
ad te +3prA+ 257 WA + 3rs ur 69a 6rsprA+ 12rsa? — 6r7 Aw 
+p? + a _ 12r? 170 = As* ur = s* ur = 3r? wr" + 6r2 727 
Seay Te ta 6 prj 3 psp 2p? wr = 2? ii = 3purAr + 6ppa~ — 6ppr 
435A + 6rp7A — 35p7A + Ora — 38d? — 6r7 pA? + 35702 —1)x3 +... 


Using it, the main result was proved: 
Theorem 57. We have: 


we 
PO: See = Sy tev 


if we are in one of the non-trivial cases (2.20), (2.21), (2.22), (2.23), (2.38), 
(2.39), (2.40), (2.41), (2.42), (2.43), (2.44) or 


@) POMP, gin = Pp 
and 


(ii) EONS res r,p—ril—v> 


as well as in its special cases 


(ii) POS. rsp = Sp—r.2p-r)1—u 
(iv) PONS, elp = S_r,p-r 
(0) POS, pp = Sp—r2p—r 
(vi) POS, 3, = G 
Wit) PPG = S,5>. 


Remark 55. The proof is similar to that of Theorem 56 but the coefficients are 
much more complicated. For this it was necessary to use a computer algebra 
system. However we are not sure that “if” in the enunciation of the previous 
theorem can be replaced by “if and only if,’ taking into account the warning 
issued by the computer algebra system, that solutions may have been lost in 
solving some systems of equations. 
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2.2.9 Complementariness with respect to Lehmer means 


Denote the C).,-complementary of the mean M by CP) M, or by ©?) M if 
A = 1/2. Using Euler’s formula, the following result was established in Toader 


and Toader (2006). 


Theorem 58. [f the mean M has the series expansion 


CO 
M(1,1—x)=14+ ) ayx", 
n=0 


then the first terms of the series expansion of ©?) M, for 4 £0, 1, are 


: 1—-A+A Xr 

COM MCL, 1x) =1— x — Galle — Dalai +20 - 0) 
Xr 

Fan( — a))-x° — Sala (p — DQM p — 2°(p +2) — 4p — 1) 


43p —2)+.a%(p — 1)(247(1 —3p) +AGp+2)+3p-4) 

+a; (p — 1)(2ap + p — 2) + 4an(p — 1)(1 — A)* + 4aran(p — I) - A) 
fas (1 IY ja dee 

M&O (1,1—x)=1-—(1+a-a1)-x—alaz(ag—a+q—1)—2a 


2 [a (2a — 5q — Tag +2 +3q7 + 5aq”) 


+ay] . 
az|:X 
a 2(1 +a) 


+a} (10w — 15qa* — 10aq + 6a? + 4 — 7q — 12g + 9q7a + 12q7a + 3q7) 


+a} (2 + 60 + 607 +03 3q — l1lqa 13qa? 5qa° + 5q°a + Tq? a? 
+3970? + q*) + 2a2(1 + a)(2g — 1 — 1) + 2ayan(1 + a)? (2g —r — 1) 
+2a3(1+a)]-2° +++, 
where a =v/(1—v). 
Corollary 32. We have 
Cav Fi , Fj) = Casv 
if and only if v = 1/2 and we are in one of the following non-trivial cases: 
@) Ap, FZ) = Cia; 
(ii) (A, C) = G:; 


(iii) (Fy, Fo) = C1; 
(iv) Cij2(F8, Fo) = C12. 
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The invariance in the family of weighted Lehmer means was studied in 
Costin and Toader (2008). 
Corollary 33. The first terms of the series expansion of ©? G,. pare 


Oy ay 
x+ 
l-p (1—A)? 
Spr =) 149) = ie + 


PB Ge l-x)=1 


[p(1— 24+ p) 


AC —p) 
(—a)3 


+4pr (an? +Apu— al —u") +r? (224 - Aap _ Mu —pt 27) 


[ p? (203 + 2au? — 62 — Aw + SA? + y+ 5SA+ 1) 


4p (20? + 12026 — 6p? — 203 — 992 
42 Aw +7. ——W+r (517 — 4922 
A 6h je yon a a 6 a ee a 


Corollary 34. We have 


Corrs Cuv) = Coa 
if we are in one of the following non-trivial cases: 


G@) Cir(Ci;@a—1)/as Cust) = Cieas 
(ii) Co:a(Co;(2a-1)/a» Cust) = Co: a; 
Gh) G(Gias Crip) =O 
Cv) Cij2(Gips C-rst-p) = C12; 
(Vv) C(Gip, @-rt-p) = C1; 
(vi) Co: (Co; 32-1) /22» CO) = Oo; 
(vii) Ci:a(Ci;a—1)/2a» CL) = Cras 
(viii) Co;1/3(G-.0, Co) = Oo; 1/35 
(ix) C1:1/3(G-:0, C1) = Ci:1/3; 
(X) C1/4(Ci;-1/2) C1) = G;1/4; 
(xi) C-1;1/4(Co;-1/2 Go) = C-131/43 
(xti) Co..(Co, C:2/(2-2a)) = Co; as 
(xiti) Ci:a(Ci, Ci:ra/(2—2a)) = Ctas 
(xiv) C_1.3/4(Co, C;3/2) = C-1:3/43 
(xv) C2:3/4(C1, C1.3/2) = Q:;3/4. 
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Proof. The equivalent condition “(?:*) Crip = Cav gives 
alae Bae Op 1-x)=CG.vd,1— x). 


Equating the coefficients of x* k = 1,2,...,5, were obtained the above non- 
trivial solutions. 


Remark 56. It is not certain that these are the only solutions of the above prob- 
lem. Though the computer algebra system Maple was used, the system with six 
equations couldn’t be solved. 


Remark 57. The cases (i)—(ii), (vi)—(vii), (xii)—(xii1) and (xiv)-(xv) involving 
Ci;, and C;,, have no similar case for C/2,,,. Instead, the following results: 


OO Gihes = Ty, GC/3)T1, =G, GG =G, GO g =_a 


2(1—A) 


are valid, but G) is not a weighted Lehmer mean. 


Corollary 35. For symmetric means we have 
CAG, Cu) = Cp 
if and only if we are in the following non-trivial cases: 


(i) @(G., C_r) = OQ; 
(it) Cyj2(G-, Gir) = Cia: 
(iii) CHG, OQ-r) _ C1. 


Remark 58. This problem of invariance was solved in Lehmer (1971). The 
problem of reproducing identities, 


CG, Gi =O, 


was solved in Brenner and Mays (1987). The solution contains the above cases 
(i)—Gii) and the trivial case 


Cr(G,, C;) = C 


In Costin and Toader (2013a), the problem of invariance of a weighted 
Lehmer mean in the family of weighted Gini means was studied. As a con- 
sequence of Theorem 58 the following was deduced: 
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Corollary 36. The first terms of the series expansion of the Cy,,.-complementary 
of S;r—s:p are: 
1—2A+Apu AC = p) 
x 
1-A 2(1—a)? 
ACL — pw) 
6(1 — A)3 
425717 pW? — 6sra2 py? — 18p?r-w 43947 pre 6p? Au + 12pray? — 6psru 
—12r7 rp? = As* Ap = ae asl — Or? A + 3rswr- + 12rsap? _ 12pri7u 
+6psr> + 6p-a3 + 3. p> + 18pr7u - 12pap? = 12pry — 6psrp 
+6r?u? — 6srp? + 287? — 6p? + Oe ae 4 6qru — 6rsdkpt 12prirp 


CS re a xy=1 


(Ap — 2rAut+ shu 


+p —2py—sw+2ru—40+4par—2pt2)x7 + (6r7 A > 


2 


+6psu — 3p Au + 15 pa? + 12rd? = 6547 + 6r7 Aw + 12pr7n + ge 
27 pr 3 pu su 3r7 3507 + 3p — 15p7r + 3pArAut 6srAu 
12rAp — 3rsp — 11072 + 4a? + 3p? + 21 pa — 3py — 2am + 12a? + pe? 
61. = 3p 4 pix 4s. 


This result was applied for deducing the following: 
Theorem 59. We have 


3A 
COP; NS dea = Su tev 


FONG = Cav (thus DNS 5 Sia = Su,u-1;v) or 


(i) CY S319.1/2 = Spa 

Gee Sig) — Say 
Git) “MS, oaa—ya = 
(ivy CO 

(v) CaS = §0,1/2:2 

(vi) CHAT, = S1,0:4/U—-2 
(vii) OPS, oy = Sp ss1-w 
(viii) “OS 3,12 = Suu 
Gx) SiS) 
(x) OM S_1 oa—nya = TM 


Srl = S1-r-rsl-w 


(xi) CONS age = S_p-1,-r—2: 1a 
(xii) CRS 5 = So,-1/2:25 
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respectively 
(xiii) “OM, = So,-1;aya—a)- 
Remark 59. As in Remark 55 we are not sure that “if’ in the enunciation of 


previous theorem can be replaced by “if and only if.” 


2.2.10 Complementariness with respect to Gini means 


We pass now to the complementariness with respect to the Gini means, the case 
which was studied in Toader and Toader (2007a). Denote the Sg_,—;,»-comple- 
mentary of the mean M by °4-9-") M, and by °-9-") M if v = 1/2. 


Theorem 60. If the mean M has the series expansion 


CO 
M(1,1—x)= 1+ > anx", 


n=1 


then §(4-4-"”) M has, for r £0 and v £0, 1, the series expansion 


oo 
S(q.4-"') M(1, l—x)=1+ y ae 


n=1 
where 
cal 
do = 1, dq= ~~} 
r 
1 n—l 
dy, = -— —n]-dg-en— 
n= DRG + D-H] de ene 22 2, 
k=0 
with 


v 
ep=(a+1) 61 —abj,a= ; 
l-v 


n—1 n—1 
€n = Bn — > Sk (€n—k — Bn—k) +a D —bat+ eG = | ,n>=2, 


k=1 k=1 


bn, Cn, fn and By, denoting the coefficients of the reduced series expansion of 
M’, M¢~", N4~", respectively o gerit 
Proof. Denoting S(@Q.4-"'Y) Ms = N, the condition Sq,q—r;v(M, N) = Sg .g—rsv 
gives 


Ne (NT - Se =aM™ (Si op — M’) 
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Taking the values a = | and b= 1 — x and denoting the coefficients of the re- 
duced series expansion of M’, M2~", N’, N4~" and Oats by bn, Cns ens Sno 
respectively B,, we get 


: +>> fat » (Cn — Ans" =o : + Sen b» (Bn — boat 
n=1 n=1 n=1 n=1 


This gives 
e; — Bi =a (8, —b1), 


n—1 n=1 
en — Bn + >, fe(€n—k — Bn—k) = D = by +>) ck(Bn—k - | ,ne?. 


k=1 k=1 


Therefore, we have a recurrence relation for e, and using Euler’s formula (2.33) 
we can deduce the expression of d,. 


Corollary 37. [f the mean M has the series expansion 
[o,@) 
M(1,1—x)=1+ ae 
n=0 


then the first terms of the series expansion of °'14-") M, for r #0 and v # 
0, 1, are 


Sq4-"™) ML, 1 —x) =1-(1t+a@-ay)-x 
a 
5 [41 gr - A+ aay + a1) + 2ay] x? 
a 2 2 2 2 
—— | 3a, (ar —3rgq —2aq +ar~ —Srag —2q+r°+3q°+r+5aq 
6(1+a) 


+3a? (3r7a - 6a? — 10aq+ 2r-a? + 3ra? + 5ra + 14+ 2r+2a+a7+r? 


2 


4q — 12gra —9qra? — 3gr +9q?a? +129q7a + 3q”) + a; (2 +r*43r 


+5a+4a7 — 15qra— 21gra? = 9gra? +03 +5r7a? + 27703 + 9ra? + 3ra3 


+4r7a + 9ra — 6ga? — 18qa? — 18aq — 3gr + 15q7a + 219707 + 99703 
~6q + 34°) + 6a2(1 + a) (2g —r — 1) + 6aa9(1 +. a)? (2g —r — 1) 
+6a3(1+a)]-x°--, 
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Remark 60. The invariance of a Gini mean with respect to Greek means was 
studied in Toader and Toader (2007a). A Gini mean which is invariant with 
respect to two Greek means is the arithmetic mean, or the geometric mean. 


Another consequence was obtained in Costin and Toader (2014b). 


Corollary 38. The first terms of the series expansion of the Sp, p—g;,-comple- 
mentary of S;,r—s:, ave 
1—20A+Ap 
x 
1-2 


iT a ae eae ee} | 


Ad -— 
me Ou 2rurA+ sprA+qu—2pu—sut+2ru—2A44+14+4pr 


AC — 1) 

—2p —2qh so ee ee 
p—2qr+q)x + éa-a} 
+6qA7 + 697A? — 15gA7p + 3p? — 18p* pa? + 18pyga? — 6pu7ga 


+3ugsr — 6ugrrA — 6g urd + 3rsp— 5q°h — 6ga° p + 6p 7A + 6p? 
252 
Xr 


(—1+ 15pqa+q? — 3pu7q + 3p’ p* 


—s" uw — 3r* wt Or? pw? — 6s? + gq? + 2s7p? + wd? — 3ppg — 3q7 pd? 
+q7 pA +2A+ 12upra— 6upsa+ 12py7ra — 6py7sdr + 3qu7sa — 3p? Wr 
12 pi? — 15 p74 159°)? — 12 p)* rp + 6pa7 si 6g) rp — 3g)" su 
—3qp —3qrX+6paAt+ 3rsmr> — 6sp7rd? — 6rspdr t+ 12spu7rd + 6r7 pA 
—12r7 p71 = As? 72 = sop? = 3r? wa? + 6r> 77 + 257 7A7 + 257 WA 
+6q u'r — 3qu7s + q?p? + 3p? — 12py?r + Opps — 2g? mar + 3qu7r 
6q wa? — 207 u — 6py2A+ 12pyda? + 3puga — 6rua+ 3spa+ 6ry7A 

—35p7A + Orr? — 3spd? — 6r? wa? + 35p7A7) xP +--+. 


Remark 61. The next coefficient needs two pages for printing. 


In the same paper, the problem of invariance in the family of weighted Gini 
means was also studied. The following result was found. 


Theorem 61. We have 


SODAS. ocr > Su,tiv 
if we are in a case indicated by one of the following items: Proposition 3, Re- 
mark 38, Theorem 49, Theorem 56, Theorem 57, Corollary 34, or Theorem 59. 


Remark 62. In this case we have to determine sets of nine parameters which 
are solutions. We get only special solutions which are also solutions of one of 
the items indicated by the theorem. But again we cannot be sure that we got all 
the solutions. 
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Corollary 39. We have 


S(P.D) 


r,S = Cu,w> 
if and only if: 


(i) S(P—P)S, = S_y,-s; 
(ii) SURO Sieg = S_+,p—r- 


This problem was also solved in Bajdk and Pdles (2009a). 


2.2.11 Complementariness with respect to Stolarsky means 


The complementariness with respect to Stolarsky means was studied in Toader 
and Costin (2007). Denote the D,.;-complementary of the mean M by 75) M. 


Theorem 62. If the mean M has the series expansion 


[o@) 
M(1,1—x)=1+ ) a,x", 


n=1 


then ?5) M has, for r,s,r —s #0, the series expansion 


[ee 
8) M(1,1—x)=14+ Do dnx", 


n=1 
with 
n—-1 


1 
dy =—— Dkr +1) — 1) de ene, n= 1, do=1, 
nr = 


where e, can be determined from the equations 


n-1 


rfn — S€n + Sby — 1p —1- > (Ck — fe) Bn—k =0, n>=2 
k=1 


and 


n 
Ss 
«(= +1) ~n| -€k- fn-k =0, n> 1, eg= fo=l. 
k=0 . 
Here by, Cn, and By denote the coefficients of the reduced series expansion of 
M’, M’*, respectively a 
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Proof. Denoting ?) M = N, the condition D,.5(M, N) = D,.5 gives 
s(M" — N’)=r(M° — N*) DFS 


Taking the values a = | and b = | — x and denoting the coefficients of the 
reduced series expansion of M’, M*, N’, N°, and ba by bn, Cns ens Sn» Te- 
spectively 6,, we get 


s bp (bn — cost] =r bs (Cn — fost : oh Sant ; 
n=1 n=1 


n=1 


or 
oo co fn-1 
> [s Ga — en) — 1 Cn — fa)] x" =r > pp (%- 1 fes| ie 
n=l n=2 Lk=1 
This gives 
s (bj —e1) —r(c,— fi) =0 
and 


n—1 


5 (bn — &n) — 1 (Cn — fad =1 + > (Ce — fe) Bn—k, 1B 2. 


k=] 


Write M* = (M" ys/ " and use Euler’s formula (2.33) to deduce the announced 
expressions. 


Corollary 40. [f the mean M has the series expansion 


CO 
M(l,1—x)=14+ )-anx", 
n=0 


then the first terms of the series expansion of ?’) M, for r,s,r —s £0, are 


1 
9 M(1,1—x)=1—(q+1)-x- glai(ai + Ds +r — 3) + 3a] pa 


1 
+74 [2a7 (6s — s° — 2sr — 1° + 6r — 9) + 3a (5s s* —2sr —r? —6+5r) 


1 
+a, (3s — s” —2sr —r? + 3r) + 6a2(3 — s —r)(1 + 2a) — 1843] x? + rE 


-[8a} (540 — 525r — 525s + 360rs + 180r? + 180s? — 69r2s — 69rs* — 19r3 
—19s°) + 8a} (540 — 690r — 690s + 600sr + 300r? + 300s? — 138rs* 
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138725 — 38r3 — 3857) + 8a} (240sr — 135r — 135s + 120s? + 120r? 
8irs? — 81r?s — 21r? — 2157) + 16a, (15r + 15s — 6rs? — 6r?s —r? — 53) 
+1440a?a2(6r + 6s — 9 — 2rs — r? — s*) + 1440a,a2(5r + 5s —6 —s* — r? 
—2rs) + 2880a,a3(3 — r — s) + 240a2(3r + 3s — s? — r? — 2rs) 
+1440a3(3 — s —r) — 4320a4 + 144045 (3 — s — r) +3(225 — 70s — 70r 
—10sr — 5r? — 5s” +. 2r?5 + 2rs? + 27r3 + 2s3)] a ae oer 


The following consequences were proved in Toader and Toader (2007b). 


Corollary 41. The first terms of the series expansion of the D,.;-com plemen- 
tary of Pq,1 are 


POD, .1,1—x)=1—t-x+1(1 —N (r+ 2s — 3g —3)- 


—t(t— 1) (6tq? +2s*t + 2r7t + 4srt 6rtq — 6stq Pas 3q 


—6st — 6rt + 9tg + 3sq + 3rq — 2sr + 6r + 6s — 9g + 3t — 6)- a 
+(10801r4g3 +. 720s7t4q + 720r7t*g — 1320rt4g? + 1440srt4q — 552s7rt4 
—1320st4g? — 1525714 — 552sr71* — 152r714 + 198014q? + 720r7t4 
~2160rt*g — 2160st*g — 1440r7t?q + 2640rt3g? — 2880srt?q + 304s7r? 
—1440s717g + 7205714 + 3047713 + 1104s7r23 — 21600397 — 648sr727 
+1440srt* + 1104sr7t? + 2640st3q7 + 840r717g + 840s717q + 10801*g 
—120s*tgq — 1560rt*q? + 126017? — 720rt* — 720st* — 1560st7q7 
—168s*17 + 1680srt7q — 540017g7 — 1920r713 + 5760rt3q + 5760st7q 
—3840srt? — 1920s*t? — 64857rt? + 3120srt? — 4680st7q + 240rtq? 
~240srtq — 120r?tq — 180tq? + 96sr7t + 18014 — 168r317 + 16r3t 
+240stq? + 16s°t — 4680rt7g + 450017g7 — 4320139 + 1560r727 + 2880rt? 
+2880st? + 1560571? + 96s7rt + 6sr7 + 6577 + 65° + Or? + 5220179 
—3480st? — 3480rt? — 1080tqg* — 360r7t + 1080rtg + 1080stg 
—108017 — 720srt — 360s7t — 15r? — 15s* — 30sr — 1980tg + 198017 
x4 


4320 


+1320st + 1320rt — 210s — 210r — 1080t + 675) - es 


Using it we can prove results of the following type. 
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Theorem 63. The relation 
NP = Pav; rs(r —s) 40, 


holds in and only in the following cases: 


@) 2 Ppo = Pai 

Gy PEP, 1 =P; 

GIy PS Pa Po tags OF 
Gy POOP. se Peis 


Proof. Consider the reduced series expansion on both sides of the desired equal- 
ity. The coefficients of x are the same if and only if 


v=l—-uy. 
Equating the coefficients of x? one obtains: 
wd — p) 2r4+ 2s — 3p —3q) =0. 


This happens if: 

1. uw =0, giving (i); 

2. wu = 1, thus (ii); or 

3. 2r + 2s — 3p — 3q = 0. Equating also the coefficients of x, in this case 
follows 


d-—2u)(r+s)(r—3pt+s)=0. 


It splits into three sub-cases: 

3.1. 7 = —s which gives g = —p, thus (iii); 

3.2. r — 3p +s =0, which need to be combined with the equality of the coeffi- 
cients of x* giving 


P= sy@=58) (20? Soi 1) =; 


which leads to (iv); or 
3.3. uU= 5 which, combined with the equality of the coefficients of x> and x°, 
give only special cases of (iv). 

We have no more cases. On the other hand, writing these cases as 


G) PN, =; Gi) POM = Mg; Git) 9 Pp, = P_p,1-p3 
(iv) PODS i = Prigps 


we can directly verify that they are true. 
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The invariance in the family of Stolarsky means was studied in Toader and 
Costin (2007). 


Corollary 42. The first terms of the series expansion of the D,. .-complementary 
of Dp,q are 


2 
Pr) Dy g(1, 1-3) 1-5 + Or+2s—p—q—3)- 


x 3 3 3 3 2 2 
a ia ai Be SO er ae +2s° + 6p" + 6q° + 6p*q + 6pq 


—10rp* + 20s? p + 20r? p — 10sp? — 18rs* — 18sr? + 20s7q — 10sq? + 20r7q 
—10rq? + 40srp + 40srq — 20rpq — 20spq + 15p? + 15q? + 30pq 
60rg — 60rp — 60sq — 60sp — 420s — 420r — 210p — 210g + 2025) 


x4 


17280 


Corollary 43. There are no values p,q,m,n € R and t € [0, 1] such that 


Dr,s 
( Dn a _ Sin.m—n,t 


for some r,s,r —s #0. 


Proof. The coefficients of x respectively x* of the reduced series expansion of 
the two members are equal if and only if 
1 =6m—2r—Is+pt+¢q 


t= n 


20 3 , 


but the equality of the coefficients of x? holds for no value of the parameters. 


Corollary 44. /[f 


DOOD, a = Dy.vy, forrspquu(r —s)(p—q)(u—v) £0 
then 


G) PO Dp, -p = Du, us 

(ii); PPD, g =D 5.-g3 

(it) POD y 4g ops or 

(iv) v=2r+2s—p—q-u, 
I3(p+q—r—s)(r +s) +24u(p+q)(r +s) — 6u(p +4)” 
+6u?(2r + 2s — p—q) — 24u(r +s)* — 6pq(p+q) 
+12sr(s +r) =0, 
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946 pq(r? + 8°) — 1089pq(r? + s*)(p +. q) + 464 pq(r + 5)(p? +47) 
+8347 p?(r +s) — 3066s*r?(p +g) +40(s° +>) — 10(p> + q>) 
+1863sr(s +r)(p* + 47) + 1480s?r?(s +r) 

—267(r? + s?)(p? + q3) — 726sr(p? + q3) — 38pq(p> + 4°) 
+560rs(r? +53) — 208q7 p?(p +q)+3726rspq(r +s) 

+473(p? + q?)(r3 + 83) — 283(r4 +: s4*)(p + q) 

—1744rs(r? + s*)(p + q) — 2466rspq(p +4) 

+47(r + s)(p* +44) =0. 


Proof. The coefficients of x in the series expansion of the two members are 
equal. The equality of the coefficients of x* or x? leads to 


v=2r+2s—p-—q-u. 
Similarly, equating the coefficients of x+ or x* gives 


I3(ptq—r—s) (+5) +24u(p+q)(r +5) — 6u(pt+qyt 
+6u? (2r + 2s — p—q) — 24u(r +8)? — 6 pq (p + q) + 12sr (s +r) =0. 


Then the coefficients of x° or x’ imply 


(r +. 5)[946 pq(r3 +89) — 1089 pq(r? + s*)(p +4) + 464pq(r +5)(p? +4”) 
+834q7 p?(r +s) — 1744rs(r? +.s?)(p +.) — 3066s7r?(p +) 


4148052r2(s +r) + 1863sr (s +1) (>? a q°) ~ 10 (»° i q°) +40 (s° ae >) 
~38pq (> Es q°) +473 (p? Ba °) (e a s*) ~ 283 (4 zt ) (p+q) 
~ 7265+ (> ds q°) 4 3726rspq (r +8) + 560rs ie a s*) 
~261 (r? +57) (p3 +.4°) —2466rspq (p + 4) +470" +5) (p' +4") 
—208q7p? (p +4)| =0. 
L.Ifs =—r, then 
(p+u)(q+u)(p+q)=0. 


This implies: 

1.1.¢ =—p and v = —u, so (i); 

1.2. u = —p and v = —4q, thus (ii); or 
1.3. u = —gq and v = —p, giving (iii). 
2. If s A —r, then we get (iv). 
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Corollary 45. We have 
GDp 4 = Du; for pquu(p—q)(u—v) #0 
if and only if 


(i) ae = Dy us 
GC 20y¢=04 5, OF 
Git) 9D, 9¢=D-4.-5- 


Remark 63. This result was proved by another method, even for pquu (p — 
q)(u — v) = 0, in Blasiriska-Lesk et al. (2003). 


Corollary 46. If 
PO) Ds = Dys, forrspa(r —s)(p—s)(u—s) £0 


then 


s=—13r, p=r(1+3V10),w=r(1—3V10). 


Proof. Taking s = q = v we get the above relations among the parameters. 
Corollary 47. There is no non-trivial case such that 
MY Dy. = Dur, for rpu(r — 1) (p— 1) (u~ 1) £0. 


Proof. Taking r = —1/13 in the previous corollary, for a = 2500 we have 


D1 (D4 (a, 1) ’ Dy (a, 1)) ~ D,. (a, 1) = 1. 


Remark 64. This result was also proved in Liu (2004). 


Remark 65. To find all the solutions of the invariance problem, we have to 
solve a system with at least six equations. Knowing three equations, we have to 
add the equality of the coefficients of x®, x!° and x!*. As before, the equality of 
the coefficients of x° and x!! gives the same equations as the coefficients of x® 
and x!°. These equations are too complicated (for instance, the last equation 
can be written on 30 pages). On a usual good performance computer, as that 
described in Heck (2003), Maple cannot solve this system, working 24 hours. As 
we showed, we obtained only some special results. However, the problem was 
completely solved otherwise in Bajak and Pales (2012). As it is proved there, 
the only non-trivial solution of the invariance problem in the class of Stolarsky 
means is 


G (Dp.q D_q,-p) =G. 
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2.2.12 Complementariness with respect to extended logarithmic 
means 


The problem of complementariness with respect to the logarithmic mean was 
treated in Costin (2008), Costin and Toader (2009) and Costin (2010). It was 
generalized to extended logarithmic means in Toader et al. (2012). 

Denote the £,-complementary of the mean M by L(y) M. 


Lemma 14. /f the mean M? has the series expansion 


[o,@) 
MP(1,1—x)=1+ > anx", 


n=1 


then the first coefficients of the series expansion of (Fe )M are 
Pp 1 
(6m) (1-x)=1-(atp)x+z (407 4 Apa, — 6a, + 3p? — 3p) x? 


1 
+ 7g[-8ai — pa; + 2pay(3 — 2p) + 24ayaz — 1843 + 12 paz — 3p(p? — 3p 


1 
+2)]x3 + ane [352a + 224 pa} + 36paz (3p — 5) — 1440a7a2 — 720pajaz 
+1440a1a3 + 8pay(7p* — 30p + 30) + 720a5 — 120pan(2p — 3) + 720pa3 


~1080a4 + 45p (p3 — 6p? + lp — 6)| xt... 


Proof. Denoting £(P) Mi = N we have the condition Ly (M, N) = Lp, thus 


M? — NP 
. =InM? —InN?. 
Lp 
For 
CO 
NP(1,1—x)=1+ )dyx", 
n=1 
we have 


[o.@) [o@) 
n n 
y  anx"” — )° dy 
n n 


" . P =In (>: on") —In (>: be) : (2.45) 
n=0 n=0 


(oe) 
ye" 


n=0 
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Putting 


oo oo 
n n 
aynx — so Xx 
pe n bn 56 
n=0 n=0 n 
00 Pp = - cnx 
(> h “| n=0 
n 
n=0 


and using the denotations from (2.34), we obtain 


> (an — bn) x" = (> iat] (> oa" ’ 


n=1 n=0 n=0 


thus 


n—-1 
co = 0, c) = ay — Dy, Cn = An — Dy — So lecn—ksn > 1. 
k=1 


The equality (2.45) becomes 

CO CO lo} 

cnx” = In (> on") —In (> bo) 
n=0 n=0 


and we deduce 


(oe) (oe) 
n— n—1 
a So nanx So nbn x 
= =1 =1 
do nen x” ‘=? oe) “ eo) 
a nx” So bax 
n=0 n=0 
thus 
foe) (oe) foe) 
(> os") (> a) p (n+ Doves" 
n=0 n=0 n=0 
foe) CO foe) foe) 
: (> bs") oe + bans" : (d>") bp nt Dona | 
n=0 n=0 n=0 n=0 
or 
CO lo) 


» [do (0 + 1) cna + dincn + ... + daci| x” = ». [bo (n+ 1) an 41 
n=0 n=0 
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+byndy +... + bya, — a9 (2 +1) bp 4g — aynby — ... — andy] x", 


where d, = dgbn + aj byn_1 +... + aynbo. The equality of the coefficients of the 
same power of x allows the step-by-step determination of b,.. 


Corollary 48. [f the mean M has the series expansion 


lee) 
M(1,1—x)=14+ Yo apx", 


n=1 
then the first coefficients of the series expansion of (oe \M a are 


E MP, 1—x)=1— pa t+ )x+ Flat +4er +3) p +302 — 601 — 3]x? 


+5 [ (ai 4a, 3) »? 3 (a} + 207 2a1a2 — 2a, — 4a 3) p 


P 
+6 (3002 — a} — 303 — 1) | x3 + aa [ (orf = L6ce} — 120 + 560n 


4 45) p> + (180070 ~ 90a4 + 12002 — 2400; — 24009 270) Pp 


+ (165a/ + 2400} — 180a7 — 540a702 + 24001 — 720002 
+3600 03 + 36002 + 495 + 18005 + 72003) p + 1080a103 
+27004 + 54002 — 108004 — 270 — 1080702 xf... 


Proof. Given the coefficients a, we deduce the coefficients a, by Euler’s for- 


mula: 


1 n 
an = — do lke + 1) —n| apan—x.n > 1, 
k=1 


obtaining the result. 


Theorem 64. If the mean M has the series expansion 


lee) 
M(1,1—x)=14+ Yo anx", 


n=1 


then the first coefficients of the series expansion of L(P) M are 
1 
LP) M(,1—x)=1—-(a1 + )xt+ : [ory (ay + 1) (3 — p) — 3a] x? 


1 
+7[200- 3% ai +3(5p—9- p®) at + p= pyar + 12(3 — p) ajo 
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1 
— 1803+ 63 — pan] + = [ (540 — 525p + 180p? — 19p’) ait 
2 


" (540 — 690p + 300p? — 38p*) as +p (-135 +120p— 2p) ow? 


+p (30 - 2p?) a + 180(3 — p)a3 + 30p (3 — p)an 


—180(3 — p)? afa2 — 180(3 — p) (2— p) aia 
+360 (3 — p) a3 +180(3 — p) a3 — 54004] x* +... 


Proof. Given the coefficients b, we deduce the coefficients 6, of Lip) M di, 
1 — x) by Euler’s formula: 


jee 1 
Bn = — > E (< + i) = n| beBn—K.n = 1. 


k=] 


Using the previous result, in Toader and Toader (2010) the following results 


were deduced. 
Theorem 65. The first terms of the series expansion of the L»-complementary 
of Sq,q—r;v are 
L x? 
So g—riv, 1—x) =1—vx+v(1—v) (2p + 3r — 6q — 3)- a 
+v(1—v) (2p7v — 6pv — 12vpq + 6vpr + 6vr? — 18vrg — 9rv + 18vq? 
3 
+18gv — p*+ 6p +6pg —3pr +3v49r —3r? — 18¢ +9rq —9q? - 6) . a 


+v(1—v) (270+ 180p7rv* — 180p7rv — 360p2qv? + 1080pqv~ 


—540 prv? + 360p7qv + 495r — 990g — 60p7g — 1620rg7v — 180g? — 810g? 
—45v* + 30p*r + 1080 pq7v? — 1080 pq7v + 330pr7v* — 330pr7v — 90p? 
—38p>v — 180pgr + 270rg? + 60pr? + 180 pq? + 38p°v? — 1080pqrv* 
+1080pqrv + 4p? + 1080r72gv + 300p?v — 180p?v? — 270r? + 270rv? 
—270r?v — 540qgv? + 45r? + 810rg — 1080g7v? — 1620g7v* — 540 pv 
—270pr + 270r?v? + 1620grv? — 1080r2qv? + 540 pq — 495r7 v7 
+1620rg7v? + 1080q7v + 1620gv — 810rv + 180pv* + 330p + 225v 
~180r2q — 1800pqv + 900 prv — 2700rgv + 2700g2v + 855r7v) 

4 


x 
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Theorem 66. [f 
EP) Sa = Sit—ssu> for rt # 0 


then we can get non-trivial cases only if 


1 

v=p=-. 
ome 

Proof. Equating the coefficients of x we have 
w=l1-v. 


Passing to the coefficients of x7, we get the trivial cases v = 0 and v = 1, or the 
condition 


2p —6q+3t+3r—6s =0. 


This condition, for the coefficients of x3, can be true in one of the following 


three cases: v = uw = 5 r =t or r =—t. Equating the coefficients of x‘, k = 
1, 2,3, 4, we get: 
1) ! 
v= =r, = —S; 
Mh ) q 
2) : t 
v= =r, r= ; 
eg 
or 
3) : t 
= =r, r= 
am 


Corollary 49. If 
COS) gr =S;1-s, forrt £0, 
then we have at most the following cases: 


t=r, p/r =—1.860...,¢/r = —0.413...,s/r = —0.033...; 
t=-—r, p/r = —1.8060...,¢g/r =0.413..., s/r = —1.033... 


or 
qg=—s, p/r = 1.635...,q/r = 1.081...,t/r = —2.090... 


Proof. Equating the coefficients of x’ k =1,2,...,6, we get the above solu- 


tions. 
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Corollary 50. [f 
EXP) Cy = G ’ 
then we can have the following cases: 


(i) p = 1.629...,q = 1.081..., f = 2.076...: 
(ii) p = 1.802..., g =0.582..., f = 0.963...; 
(iii) p =2.177...,q = 1.091..., t= 1.731...; 

(iv) p= —1.490...,q = —0.069..., t = 1.854... 


Corollary 51. /f 
Lp, = Si t—s, 
then we can have the following cases: 
(i) p/t =1.575...,q/t = 0.335..., s/t = 0.857... 
or 
(ii) p/t = —2.058...,q/t =0.350..., s/t = —0.361... 

Corollary 52. [f 

Ley, =. 
then we can have at most the following cases: 


(i) p= 1.787...,q =2.718..., t = 3.526...: 
(ii) p = 1.836...,g =0.390..., f = 1.166...; 
(iii) p =3.739..., q = 2.082..., t = 1.589...; 

(iv) p = —0.707...,g = —1.075..., t = 1.395...; 

(v) p=—6.340...,q = —3.531..., t = 2.695... 


or 
(vi) p= —11.056...,g = —2.351...,t= 7.019... 


Remark 66. Unfortunately none of the above determined possible solutions 
can be verified. To find the right solutions of the above problem, we have to add 
more equations to the system. These equations are quite complex and they are 
unsolvable by Maple 8 running on a usual computer. 
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Returning to the results of Toader et al. (2012), we have: 


Theorem 67. The first terms of the series expansion of the L»-complementary 
of Lq are 
L(p) 2 x? 
La(,l—x)=1- yt @ptaq—9 ; rice) 


= [220° +20(q —9) p?+ 10(¢ ~ 18¢ + 30) p 


x 
=3 (293 +5q? - 190g + 135) |- Spe 
ones a 17280 * 

Corollary 53. There is no case such that 
ie ee =L,, pqr #0. 


Proof. Equating the coefficients of x? we get the condition 


But then, equating the coefficients of xe k= 0, 1, ...,5, we get no solution. 


Remark 67. If we take £o(a, b) = ab, we deduce that the problem of invari- 
ance in the class of extended logarithmic means has the only solution 


Lol Ls: fs) = Lo. 
More generally, in Costin (2010) the following was proved: 
Theorem 68. The complementary EDD s of a Stolarsky mean D,,s with respect 
to the logarithmic mean L is again a Stolarsky mean Dy y if and only if D;,s = 
Dia. 
2.2.13 Complementariness with respect to the identric mean 


Some general necessary conditions for a mean N to be the complementary of 
another mean M with respect to a given mean P were determined in Costin and 
Toader (2008a). 


Theorem 69. [f the mean P has continuous partial derivatives of any order, 
with P,(1, 1) 40 and the mean M has the series expansion 


M(1,1—x)=1+e1x +cox7 +03x3 +--- j 
then the series expansion of the complementary of M with respect to P, thus 


N(1,1l—x)=14+ dix +dox? +dyx>+---, 
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has the following first coefficients 


1 
dj =—— (Paci + Pp), 
Pb 


n= -5— [pa2ci + 2papcidi + Pp (a? ~ 1) + 2pacr| 
and 
= [pact + 3pg2ycidi + 3papecidy + Pps (a 1 1) 
+6 (Pg2€1€2 + Pave1d2 + Pabcrdi + ppyedid2 + pacs)]. 
where 


Paipi = Papi, DD), i, j = 0. 

Proof. If we denote 

f@)=Pd,1—~x), 

g(x) = M(1,1—x) 
and 

h(x) =N(U,1-x), 
we have the condition 

f(x) = P(g(x), h(x). 
Therefore we get successively 
f°) = Palg(x), Ax))g! (x) + Po(g(x), A())h'(x), 


f(x) = P2(g(x), h(x)) g(x) + 2 Pan (g(x), A(x) a! (x)! (x) 
+Py2(g(x), h(x))A?2 (x) + Palg(x), h(x)" (x) + Po(g(x), h(x))h" (x), 


respectively 


f(x) = Pa3(g(x), A(x)) 89 (x) + 3 P29 (g(x), h(x) g(x)! (x) 
+3 Papp (g(x), h(x))g’ (xh? (x) + Pps (g(x), A(X))A? (x) 
+3[P,2(g(x), A(x))g’ (xg (x) 

+ Pap(g(x), A(x)) 9’ (x)h" (x) + Par g(x), h(x)" (eh! (x) 
+P,2(g(x), A(x))h’ (x)h'"(x)] 
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+Pa(g(x), h(x))g"" (x) + Po(g (x), h(x))h'" (x). 


Taking x = 0, as 


fa) = FO + f'Ox + 


f" (0) > f" (0) 3 
a 7 ae a toe 
but also 


f@)=Pd,1l-x)=1 pox + Ex? ae 


we obtain the above coefficients. 


Corollary 54. [f the symmetric mean P has continuous partial derivatives up 
to order 3 and the mean M has the series expansion 


M(1,1—x)=1+eyxteox7 +3x3+---, 


then the first coefficients of the series expansion of the complementary of M with 
respect to P are 


N(,1—x) =1—(c, +. 1)x — [4acy (c) + 1) +2] x? 


ies) 


Fr 
—[24e%e1 (1 + I)Qe1 + 1) + L2aerQer + 1) —4Ber(er +) +3031 ++, 
where 

a = P2(1, 1) and B = P3(1, 1). 


Proof. As the mean P is symmetric, we have (2.27), (2.29) and (2.31), giving 
the above coefficients. 


Theorem 70. If the mean M has the series expansion 
M(1,1—x)=1+cjx + cox? +03x7 +--- ; 


then the series expansion of the complementary of M, with respect to LT, has the 
following first coefficients 


1 
FM(,1—x)=1—(1+1)x— 5 (3e2—cf - 1) 2” 


1 
5 (1803 12c1c2 6c + 2c} —2c1) 23 +++ 


Proof. Indeed, in this case 
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Corollary 55. Forno i, j = 1,2,..., 10, 
* Fi = Fj 
holds. 


Proof. We have 


2 3 
Tadi—x)=1 5 = oy tte 
L ee 2 ae 
GU,l-x)=1-5+5+%t 
2 3 
Ta,1—x)=1 Get at 
2 3 
Zcd,1—x)=1 5 - ae 
2 3 
L x Sx" x 
1,1 =I - 
Fs *) Soa et 
2 3 
L x 5x x 
it =1 ie 
Fol 2) 2 24 24t 
x3 
Iead,1—x)=1—-x? ao 
2x3 
Pegi. x Slax? + ML. 
x3 
Feyi,1—x)=1—x4+x? a te 
4x3 
F¢io(1,1—x)=1—x4+x? gree 


At least one of the coefficients from the left side £ F; is different from the cor- 
responding coefficient of the mean from the right side ¥;. 


Chapter 3 


Double sequences 


ABSTRACT 
We study general Archimedean and Gaussian double sequences, constructed by using 
means. We study their properties, including conditions for ensuring their convergence. 


In the Introduction, we defined two types of double sequences. Beginning with 
two positive numbers a and b, which we also denoted by a, = a and by = b, we 
defined a double sequence (ay),>9 and (bn)n>0, by 


Gn+1 = H(an, bn) and by+ = G(Gn+1, bn) ,n>=O0, (3.1) 
and another by 
an+1 = A(an, bn), Da+1 = G(an, bn), n= 0. (3.2) 


As we saw, the sequences (@y),>9 and (bn),>9 are monotonously convergent 
to a common limit which we denoted by Hf & G(a, b) in the case of the rela- 
tions (3.1) and by 4® G(a, b) in that of the relations (3.2). The double sequence 
will be called Archimedean in the first case and Gaussian in the second case. 

In what follows we shall study some properties of general Archimedean and 
of Gaussian double sequences. The means 4, G, and # will be replaced by 
arbitrary means M and N. Minimal conditions on these means to ensure the 
convergence of double sequences are determined. 


3.1 ARCHIMEDEAN DOUBLE SEQUENCES 


As we saw, Archimedes’ polygonal method of evaluation of a was interpreted 
in Phillips (1981) and Phillips (2000) as a double sequence (3.1). In Schoenberg 
(1982) and Miel (1983) a posthumous work of R. Descartes (1596-1650) is 
analyzed, where the polygonal method is regarded from a new point of view. 
Descartes’ approach consisted of doubling the number of sides of inscribed and 
circumscribed regular polygons while keeping the perimeter constant. As they 
show, this algorithm leads to the double sequence 


Gn+1 = A(an, bn) and by+1 = G(an41; bn), n= 0, (3.3) 


which is also of Archimedean type. 
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More generally, let us consider two means M and WN defined on the interval 
J and two initial values a, be J. 
Definition 18. The pair of sequences (ay),>9 and (bn),>0 defined by 
an+1 = M(an, bn) and bn41 = N(an+1, bn), n= 0, (3.4) 
where ag = a, bo = b, is called an Archimedean double sequence. 
The following result was given in Costin and Toader (2004). 


Lemma 15. For every means M and N defined on the interval J and every two 
initial values a,b € J, the sequences (dy)y>0 and (bn) n>0 defined by (3.4) are 
monotonically convergent. 


Proof. If a < b, we can show by induction that 
Qn S4n41 <by41 <b,, n=0,1,... (3.5) 


Indeed, assume that a, < b, (which holds for n = 0). From (3.4) and the defini- 
tion of means we have 


An <An+1 = M (Gn, bn) < bn. 
Then, by the same reason, we have 
An+1 S On41 = N(An41,5n) < bn 
and (3.5) is proved. Therefore, (dn),>9 is increasing and bounded above by 


b = bo, thus it has a limit a(a, b) < b. Similarly, (bn),>9 18 monotonically de- 
creasing, bounded below by a = ao, and has a limit B(a, b) > a. The case a > b 


is similar and this completes the proof. 


Remark 68. The trivial example: 
nti = 1 (an, bn) = an, nt = M2 (Qn41, bn) = bn, 1 = 0, 


shows that, without some auxiliary assumptions on the means M and N, the 
sequences (dy ),>9 and (by),>9 can have different limits. 


Definition 19. The mean M is compoundable in the sense of Archimedes (or 
A-compoundable) with the mean N if the sequences (dy),>+9 and (bn)y>9 de- 
fined by (3.4) are convergent to a common limit MX N(a, b) for eacha, be J. 
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Remark 69. From the proof of the previous lemma we deduce that 
aNb<M&N(a,b)<avb,Va,be J, 
that is, if M is A-compoundable with NV, then M & N is a mean on J. 


Definition 20. The mean M & N is called Archimedean compound mean (or 
A-compound mean) of M and JN, and & is called the Archimedean product. 


A rather general result was proved in Foster and Phillips (1984). 


Theorem 71. Jf the means M and N are continuous, symmetrical, and strict, 
then M is A-compoundable with N. 


These hypotheses were later weakened in Costin and Toader (2004) by prov- 
ing that it is enough that only one of the two means have some properties. 


Theorem 72. [f the mean M is continuous and strict at the left, or N is contin- 
uous and Strict at the right, then M is A-compoundable with N. 


Proof. Assume that M is continuous and strict at the left. From the previous 
lemma we deduce that for every a,b € J, the sequences (a,),> 9 and (Dn)p>0; 
defined by (3.4), have the limits a respectively 6. From the first relation of (3.4) 
and the continuity of M we deduce that a = M(a, 6). As M is strict at the left 
it follows that a = 6 for every a, b € J. The case for N continuous and strict at 
the right is similar and so the proof is complete. 


Remark 70. The mean IT, is continuous and strict at the right, but it is not 
strict at the left. So, it is a “good” mean for the A-composition at the right, but 
it is a “bad” mean for the A-composition at the left. For a similar reason, I> is 
good for the left A-composition, but it is bad for the right A-composition. For 
example, [2 is A-compoundable with IT; and 


TI2. X 1, = Mo, 


but, as we saw, IT; is not A-compoundable with I1>. 


3.2. DETERMINATION OF A-COMPOUND MEANS 


In studying Archimedes’ algorithm from the first part of the book, we have 
found that 


ab 


/q2—b2 


b b 
Ferns UE cosh (7). for0<a<b 


arccos (2) , forO<b<a 


H & G(a,b) = 
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In a letter to his teacher, in 1800 Gauss suggested the study of the algo- 
rithm (3.3). Pfaff determined the common limit 


Vv b?—a? 
arccos(a/b) ’ 


/q2—p2 


arg cosh(a/b) ’ forO<b<a 


forO<a<b 
AW G(a,b)= 


but the result was published only in 1917 in Gauss (1876-1927). In the mean- 
time, the same result was given in Schwab (1813) and Borchardt (1881). That’s 
why the algorithm (3.3) is called Pfaff-Schwab-Borchardt’s algorithm. 

As it is remarked in Miel (1983), Archimedes’ algorithm is essentially equiv- 
alent to Pfaff—Schwab-Borchardt’s algorithm. Indeed, 


1 1 1 
HOG (75) =aaga he? (3.6) 


In Beke (1927) G & A was determined, while the complete table of 
A-compound means M & N for M,N € {A, G, H} was given in Foster and 
Phillips (1984a). First of all, it is easy to prove that 


AWA=Al3 


(see the proof of a more general result at the end of this section). Then, they 
remarked that G and H are quasi-arithmetic means. To determine 4(f)& A(f) 
for an arbitrary continuous bijection f, we have to consider the double sequence 


F(@n+1) = ACF Gn), fbn), fOnt1) = AS Gnt1), fbn), Yn = 0. 


The common limit of the sequences (f(@n))y>09> (fn) nso 18 A1/3(ao; Do), 
thus 


Af) MAS) = Aip(f), (3.7) 
which gives 
GRG=G1/3, H®WH = Hy/3. 


On the other hand, the method from (3.6) can be generally used and we get 


11 1 
nHmal(—,-)= Ma bak 
(; z) AR H(a,b) °° * 


and 


1 1 1 
GB 4A(2 2) = Semen. 


So, to complete the desired list, we have to determine GX H and AM H. 
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Given the initial values a and b, we denote aj = a, bo = b and construct the 
sequences 


2an+1b 9 >0 


antl = anbn, bn+1 = are 
Gn+1 + bn 


The determination of GX (a, b) is analogous to the one from the Archimedean 
process, which has the two means transposed. As in that case, if 0 < a < b then 
we can verify that 


7) 0 
an = 2" 'ysin bn = 2"tan = n>O 


where 


It follows that 


GwH(a,b)= X arevos 


If 0 < b <a, we need to replace sin, tan, cos by the corresponding hyperbolic 
functions and redefine 


bJa 
Ja—b 


In the final case, for the initial values a and b, we denote ap = a, by = b and 


construct the sequences 


Bite by 2an+1Dn 


, bd = ,n>O0. 
2 a Anti + by 


A+1 = 
From these relations, we deduce that the limit .4 Kl H is homogeneous. Thus, 
we can take 
a=1+x,b=1,x>-1. 
By induction it follows that, for any n > 1, 
n 
Il (22r-1 +x) ‘ 


2r—1 
a r=1 __»4n 2 +x 
ta Og 
Qn T] 277 +x) r=1 


r=} 
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So the limit can be expressed by the infinite product 


ABH A+x,)=T]] 


r=) 


This result is also used in Foster and Phillips (1984a) for the determination of 
the limit as an infinite series. 

Using the method from (3.7), in Costin and Toader (2004) the following 
general result is given. 


Theorem 73. If the mean M is A-compoundable with the mean N, then 
for every bijection f, which has a continuous inverse, the mean M(f) is 
A-compoundable with the mean N(f) and 


M(f)RN(f)=MAN(f). 


Proof. Given the initial values a and b, we construct the sequences (dy ),>9 and 
(bn) n>0 by 


G41 = M(f)(an, bn), bn+1 = N(f)(@n41, bn), n= 0, 


where ay = a, bo = D. By the definition of quasi-M means, we have to consider 
the sequences (f(4n)),>9 and (f(bn))n>0 given by 


f(Gn41) = M(F (an), Fn), Fn+) = NF Gn4), fbn)), n= 9, 


with the initial values f(a), f(b). As M is A-compoundable with N, these se- 
quences have the common limit MX N(f(a), f(b)). As f —! is continuous, the 
sequences (dy),>9 and (by),>9 have the common limit M & N(f)(a, b). O 


The following result was proved in Toader (1987). 


Lemma 16. For every i, uw € (0, 1) we have 


Ay Ay = Aap 


T-A+Apn 
Proof. From 
Ant1 =A+ dn +(1—A)+ bn, bn41 = Me anti + Ul — 1) + bn, 
we have also 
dnt =A+ ban + (lL —A+ ML) + dn. 
Therefore, 


an41 — bn41 =A- (= BL): (Gn — bn) 
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which gives 


dn — bp =)" -(1— ps)" - (a—D). 


bn41 = bn + d+ h- (An — bn), 
we have 
bag. = bn ta-p-d”-(1— yp)”: (a—5). 


Adding these relations from 0 to n — 1, we get 


Daa Cl ay? 
by =b+A-p-(a—b)- , 
n +A+p-(a ) 1-’-(—p) 
So 
A-p-(a—b 
ieee ee 
n>o0 1—2- (1-4) 


which proves the desired result. 


Corollary 56. For everymeR, i, uw € (0, 1) we have 


Pir xX Prin, = on Aw 


avi 


Proof. Taking f = em and using the previous result, we get the relation. 


3.3. RATE OF CONVERGENCE OF AN ARCHIMEDEAN DOUBLE 
SEQUENCE 


In the case of classical Archimedean algorithm, we have shown that the error 
of the sequences (a,),>9 and (by),>9 tends to zero asymptotically like 1/4”. 
In Foster and Phillips (1984) it is proved that this result is valid in the case 
of A-composition of arbitrary differentiable symmetric means. For the general 
case, the following evaluation is given in Costin (2004). 

Let us consider two means M and N given on the interval J and two initial 
values a, b € J. Define the pair of sequences (a,),>9 and (bn)n>9 by 


an+1 = M (ay, bn) and bn+1 _ N(an+1; bn), n= 0, 
where do = a, bo = b. Denote 


a=MXXN(a,b). 


122 Means in Mathematical Analysis 


Theorem 74. [f the means M and N have continuous partial derivatives up to 
the second order, then the errors of the sequences (dn)y>9 and (bn)y>0 tend to 
zero asymptotically like 


[Ma(a,a@)-(1— Na(a@,a))]". 
Proof. If we write 
a, =A4+5bn, by =At+ Ey, 


we deduce that, as n — oo, 


a+ bn41 = M(a+6n,a+ €n) 
= M(a, w) + Mq(o, &)8n + Mp(o, @)€n + O(82 + £2). 


From (2.26) we get 
Sn¢1 = Maa, 0)5, + [1 — Maa, o)] én + O52 + £7). (3.8) 
Then 


a+ &n41 = N(a + bn41,0 + En) 
= N(a,@) + Nala, a)8n41 + Noa, wen + O(62,, +E). 


Using again (2.26) and (3.8) we have 


Entl = Na(a, &) [Ma (a, @)dn + CU — Ma (a, &)) €n] 
+ (1 — Na(a@, w)] en + O(62 + £2), 


thus 


Ent1 = Ma(at, 0) Na (at, o)8n + [1 — Ma (a, &) Na (a, &)] @n + O(52 + £7). 
(3.9) 


Subtracting (3.9) from (3.8) we get 
Snt1 — Ent = Ma (a, x) [1 — Na (a, @)] (Sn — &n) + O(S, + €2). 


On the other hand, from the monotonicity of (dj),>9 and (bn),>9 We can as- 
sume that 6, > 0 and «, < 0 for all n > 0. The cases when 6, < 0 and e, > 0 
can be treated similarly. We have 


En — En+l _ Ma (a, &)Na(@, &) (En — bn) + O(s. a €2) 
6n — On41 [1 — Ma(a@, @)] (bn — En) + O(62 + €2) 


’ 
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thus 


Ma(a, a)Na(a, a) 
En — Entl1 = a c (Sn — 8n41) + (On — 6n41)O (dnl + lenl). 
a(a@, a) — 1 


Replacing n byn+1,n+2,....n+ p—1(p €N), adding and using the fact 

that 6, and ¢, tend monotonically to zero, we obtain 

Ma(a, &)Na(a, a) 
M,a(a,a)—1 


En — Entp = (Sn Grip) + 8p — bntp)O (bn + lénl). 


Letting p — oo we obtain 


a= Ma (a, a)Na (a, a) 
"My (a,a) — 1 


bn + O(52 + £2). 
Using (3.8) we deduce that 
Sn41 = Ma(@, a) [1 — Na(o, @)]8n + O(5;) 


and from (3.9) we have 


En41 = Ma (a, «) [1 — Nala, @)] &n + O(E2). 


Remark 71. Some evaluations and conclusions related to the previous theorem 
may also be found in Foster and Phillips (1985). In the case of symmetric means, 
the result was proved in Foster and Phillips (1984). In this case, we saw in (2.27) 
that 


1 
Ma(a, a) = Na(a,a) = rt Vae J 


and we get the following. 


Corollary 57. If the means M and N are symmetric and have continuous par- 
tial derivatives up to the second order, then the error of the sequences (an) n>0 
and (bj) ,>0 tends to zero asymptotically like 1/4”. 


3.4 ACCELERATION OF THE CONVERGENCE 


In the case of classical Archimedean algorithm it can be proved, as it was shown 
in Foster and Phillips (1983) using MacLaurin’s series, that if we define 


Ay + 2by, 
Cn = =—3. 


then (Cy),>9 converges faster than (d,),>9 OF (bn),>0. Indeed, we have 


0 _ 8 
An = 2"2.- tan — and by, = 2”A.- sin — , Vn > 0. 
Qn Qn 
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Then 
6 a 6? 
—9n = 
an =2 a (Ft part.) taget 
and 
ra) 93 3 
—9n = 
but 


2"r ) 30° 6° 
Cn = 3 Son + 50.950 to =AO+A +... 


It is remarkable that in Snell (1621), the sequence (cy),>9 was used to com- 
pute zr to 34 decimal places. Of course, the author did not have access to the 
series for the sine and tangent. In the general case, in Foster and Phillips (1983) 
it was shown that the sequence (c,,),+q has the same property for sufficiently 
smooth symmetric means. 

For non-symmetric means, the way of constructing a sequence (Cn ),>9 with 
the above property is indicated in Costin (2004a). 


Theorem 75. [f the means M and N have continuous partial derivatives up to 
the third order and verify the relation 


Ma (a, &) [Ma (a, &) — 1] [Naa(@, &) — Novo, a)] (3.10) 
= Na (a, a) [Maa (a, at) ~ Mop (a, a)] ’ 
then the sequence (Cn)n>0 given by 


Ma (a, a) Na (Q, &)dy + [1 — Mg(a, )] dp 
1 — M,(a, a) + Mg(a, a)Nag(a, a) 


Ch = 


converges faster than (an) n>9 and (bn) n>0- 

Proof. Keeping the notation from the previous paragraph, we have this time 
a+ bn41 = M(at+ bn,0+ €n) = M(a, a) + Ma(a, &) dy + Mp (a, a)en 
+5 [ Maa (o, 0)5; + 2Map(o, )8nn + Mop(a,oe)e3 | + O(Bnl + lenl9). 

Using (2.28) we get 
Ont-1 = Ma (a, a@)b, + [1 — Ma (a, a)] €, (3.11) 


1 
+5 [Maa (©, 0)8n — Mpp(a, 0) n] (Sn — &n) + O(lbnl? + lenl?), 
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thus 


1 
Sn+1 — bn = (En — bn) E — Ma(a, a) — 2 (Maa(a, &)dn — Mpp (ar, aen)| 
+0(l5nl? + len). 


Similarly we get 


1 
Ent — En = (On41 — En) E (a, a) + 2 (Naa (ot, 0) bn+1 — Nop (er, aen)| 
+0 (nl? + len). 


Taking into account that 


1 
On+1 — €n = (bn — En) | Mat a) + 2 (Maa(a, @)dn — Mpp (a, a)en) 
+O(lbnl + lenl?), 
we have also 


Ent+1 — En = (on — en)| Ma (a, a) Na (a, a) 
Na(@, a) M, (a, «) 
Te ag Mae (a, @)dn — Mpp (et, &)En) + 7 Naa (a, a) — Npp(a, @)) 
1 
+5M;j (qt, ) Naa(@,a)(Bn — &n)| + O(Bnl? + lenl?)- 
For some real 4 let us denote 


Ape HO De. 


We have 


Anti — An = (En — bn) {> 1 — Ma(a, a) — 5 (Moa (a, @)d, — Mop(a, ae,)| 


Na (at, ov) 
+(A — 1) [M. (a, of) Na (a, a) + an (Maa (a, «)dn — Mpp (ct, &)En) 
Ma(a, a) 1, 
= - En(Naa(a, «) — Npp(a, o)) + ya (a, &) Naa (a, &) (bn — En) 


+O (l5n/? + lénl?). 
We choose A such that 


A[1 — Ma(a,a)] + (A — 1)Ma(a,a)Na(a, a) = 0, 
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thus 
= M, (a, a) Na(a@, a) 
1 — Ma(a, a) + Ma(a, a)Na(a, a) 
We get 
Anti — An = ate {en[Na (a) Myp(a, @) 


2[1 — Ma(a, a) + Ma(a, a) Na(a@, o)] 
+Mg (a, o&)(Mg (a, &) — 1)(Naa (a, @) — Nop (a, 0£))] — bn Na (a, 01) Maa (a, 1) 


+ (Mao, ) ~ 1) M3(@t, 01) Naat, &) (Bn — En) } + O(\Snl? + len). 
The condition (3.10) gives 


_ (En — 3n)* 
Ant An = 971 g(a ct) + Ma (@, a) Na (a, ay] LY 2) Maa(er a) 


— (Ma (t,t) — 1) M3 (a, ) Naa(@, )| + O(I5nl? + lenl?), 


thus the sequence (c,,),>9 converges faster than (d,),>9 OF (On) n>0- 


Remark 72. The condition (3.10) is satisfied by symmetric means because for 
them 


Maa(a, a) = Mpp(a,a), Vae J. 
Also, in this case 
M,(a, a) = > Vae J, 
so that we have the following. 


Corollary 58. [f the symmetric means M and N have continuous partial deriva- 


tives up to the third order then the sequence (Cn) y>0 given by 
ant 2by 
— 3 


Cn 


converges faster than (dn)y>9 4nd (bn)y>09, namely the sequence of its errors 
verifies the relation 


(€n — 5n)? 
An+1 An = ” 12 ” 


[4Maa (a, &) + Naa (a, o)|+ O(lbnl? + len!*)- 
Remark 73. There are also non-symmetric means with the property 


Maa(a, @) = Mpp(a, a), Va € J. 
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For them, the condition (3.10) is also satisfied. For instance, we have 
(Pm,r)q (a,a) =A 


and 
AC —A)(m — 1) 
(Prisd) os (@,a@) = (Pra) gs. (@,a) = =~. 
So, if we study Pin, & Pin, we have 


= Apdn + (1 —A)bn 
eS At ap 


and 


(En — Sn)? AML — A) (m — 1) (1 +4—Ap) 
An+1 An = 
21 -A+Ap)a 


+ O(l8nl? + len). 


3.5 GAUSSIAN DOUBLE SEQUENCES 


The arithmetic-geometric process of Gauss was also generalized for arbitrary 
means. Considering two means M and WN defined on the interval J and two 
initial values a, b € J, we have the following. 


Definition 21. The pair of sequences (ay),>9 and (bn ),)>0 defined by 
n+) = M(an, bn) and by+1 = N(an, bn), n = 9, (3.12) 
where ap = a, bo =D, is called a Gaussian double sequence. 


Remark 74. An Archimedean double sequence can be considered also as a 
Gaussian double sequence defined by 


an+1 = M (Gn, bn) and bat = N(M, I12) (an, bn), n = 0. 


Remark 75. The sequences (an ),+9 and (bn ),>0 defined by (3.12) are not nec- 
essarily convergent. 


Example 8. Take M = Iz and N =I]. It follows that ay+) = by and by41 = 
ay, n= O, thus the sequences (an ),>9 and (by),>0 are divergent unless a = b. 


However, the following property was proved in Costin and Toader (2006). 


Lemma 17. Given a Gaussian double sequence (3.12), if we denote 
Gn =n \ Dp and bn = dn V bn, n=O, 


then the sequences (an ay and (bn) are monotonously convergent. 


n>0 
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Proof. For each n > 0, we have 
an S41= M(an, bn) < bn 


and 
an = bn+1 = N(an, bn) < Bas 


thus 


and the conclusion follows as in the corresponding lemma for the Archimedean 


case. 


Remark 76. If the sequences (dn = and (bn) n>o ae convergent to a common 
limit, then the sequences (d,),>0 and (bn) n>0 are also convergent to the same 
limit which lies between a A b and av b. 


Definition 22. The mean M is compoundable in the sense of Gauss (or 
G-compoundable) with the mean N if the sequences (dy),+9 and (bn),>9 de- 
fined by (3.12) are convergent to a common limit, denoted M @ N(a,b), for 
each a,b € J. If M is G-compoundable with N and also N is G-compoundable 
with M we say that M and N are G-compoundable. 


Following the previous remark, the function M @ N defines a mean which 
is called Gaussian compound mean (or G-compound mean) and @ is called 
Gaussian product. 

In the case of G-composition the study of convergence is more com- 
plicated. The first results were given for homogeneous means in Andreoli 
(1957a), Myrberg (1958), Allasia (1969-1970), and Tricomi (1975). Other re- 
sults were published for the case of comparable, strict, and continuous means 
in Schoenberg (1982), Foster and Phillips (1985), Wimp (1985), Borwein and 
Borwein (1987a), and Toader (1987). The results and the proofs are very similar 
with those of the original Gauss’ algorithm. 

Minimal conditions on the means M and N were given in Costin and Toader 
(2006). 


Theorem 76. [f the means M and N are comparable, M is continuous and 
strict at the left, or N is continuous and strict at the right, then they are 
G-compoundable. 


Proof. If M < N anda <b, we have 


a <a, =M(a,b) < N(a,b) =b) <b. 
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By induction, assuming that a, < by, it follows that 
an S An+1 = M (an, bn) < N(@n, bn) = bn+1 < by. 


Thus (@;),>0 increases while (b,),> 9 decreases. Since each of these sequences 
is bounded by a and J, both converge, say, to a and f, respectively. If M is 
assumed continuous then a = M(a, f). But M is also strict at the left, so that 
a = B. Similarly, if N is continuous and strict at the right, we have 6 = N(aq, £), 
thus again a = B. If a > b, we change only the first inequalities 


b<a,=M(a,b) < N(a,b)=b, <a. 


If M => N, we have to exchange the roles of a, and b,,. In all the cases M @ N 
exists and satisfies 


MAN<M®@®N<MVN. 


Theorem 77. If the means M and N are in the relation M < N, M is contin- 
uous and strict at the left, or N is continuous and strict at the right, then M is 
G-compoundable with N. 


Proof. If a < b we have M(a,b) < N(a,b) and the proof may be continued 
as that of the previous theorem. If a > b, we have M(a,b) > N(a,b) and we 
interchange the roles of a, and by. 


Theorem 78. If the means M and N are in the relation N < M, M is contin- 
uous and Strict at the right or N is continuous and strict at the left, then M is 
G-compoundable with N. 


Proof. This time, if a <b we have M(a, b) => N(a, b), so that 
bo =b> a, = M(a,b) >= N(a,b)=b; >a=a9, 
or generally, by induction, 
bo = a, = bz = a3 >... = Arn—1 = Dry =... = G2n = brn-1 =... 2 D1 = AO. 


Hence the sequences (@2n+41),>9 and (b2n)n>0 have the same limit, say a, while 
the sequences (42n),>9 and (b2n+1)y>9 have the same limit, say B. If M is 
continuous and strict at the right, from 


d2n+1 = M(a2n, bon) 


we get a = M(B, a), thus a = B. If N is continuous and strict at the left, we use 
the relation 


bon+1 = N(a2n, bon) 


to get the same conclusion aw = f. The case a > b can be treated similarly. 
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In Toader (1990) the comparability for symmetric means was renounced. 
The proof is very simple and it is based on the use of the means M A N 
and M v N. With a more sophisticated method the result was proved for non- 
symmetric means in Foster and Phillips (1986). 


Theorem 79. [f the means M and N are continuous and strict at the left, then 
M and N are G-compoundable. 


Remark 77. We have also a variant for means which are strict at the right. As 
the example of the means IT; and ITIz which are not G-compoundable (in any 
order) shows, the result is not valid if we assume one mean to be strict at the left 
and the other strict at the right. But, as it was proved in Toader (1990a) (but also 
in Daréczy and Pales, 2002 and Matkowski, 2006), we can G-compose a strict 
mean with any mean. The proof is very similar to that of Foster and Phillips 
(1986). 


Theorem 80. Jf one of the means M and N is continuous and strict, then M 
and N are G-compoundable. 


Proof. From (3.12) it follows that the sequences (ay),>9 and (by ),>o lie in the 
closed interval determined by a and b. By the Bolzano—Weierstrass theorem, 
there are the subsequences Ce (One )eoo and the points a, 8, a’, B’ such 
that 7 7 


a aaa al ae 
We can prove that a = f. Indeed, suppose a < B. From (3.12) it follows that 
a<a'<B,a<p' <B. 
We show that 


a’ =a ora’ =f. (3.13) 


If a < a’ < B’ < B, we choose 0 <r < (a@’ — a) /2 and K; such that 


b 


/ ig 
| iepac —a | <P, [Ong — & | <r, Vk> K,. 


Therefore, 
Ang > a’ —r > (a! +a)/2 
and 


Pings > B' —r>(a’'+a)/2. 
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It follows that 
an, > (a’ +a)/2>a, Vk > K;, 


which is inconsistent with the hypothesis that limy— 9 dn, =a. Ifa < Bp’ <a’ < 
8, we obtain a similar contradiction by choosing 0 < r < (6 — a’)/2. Analo- 
gously we can prove that 


B' =a or fp’ =8B (3.14) 


holds. Now, if M is continuous and strict, using (3.13) we get 
a= Ma, B) or B= M(a, B), 


thus a = 6. If N is continuous and strict, we use (3.14) to arrive at the same 
conclusion. The hypothesis a > 6 gives analogously a = 8. Hence 


lim dp, = lim by, =a, 
k->0o k>0o 


which leads to 


lim a, = lim b, =a. 
n—->oo n—->0oOo 


Remark 78. Using this result, one can G-compose a “good” mean (that is, a 
continuous and strict mean) even with a “bad” one. But products like IT; ® Tz, 
TI2 ® 1, V®A or A®@V do not exist. 


Example 9. In Lehmer (1971) it is remarked that 4 ® M exists for every mean 
M and 


1 Cc 
A®M(a,b) = a9 + 5 der — Gn). 
a= 


Indeed, ay+1 — ax = (bg — ax) /2, thus 


n n 

1 

An+1 =o + So Gert — ak) = ag + > Yb — ak). 

k=0 k=0 

A result using other type of conditions was given in Matkowski (2009). 
Theorem 81. /f the means M, N are continuous and 


max(M (x, y), N(x, y) — min(M(x, y), N(x, y)) < V(x, y) —A(x, y), x, 


then M and N are G-compoundable. 
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Remark 79. In some papers, the common limit of a double sequence is repre- 
sented by an infinite product. We can mention, for example, the papers Andreoli 
(1957), Buzano (1965-1966), Allasia (1969-1970, 1971-1972, 1972), Allasia 
and Bonardo (1980), Gatteschi (1969-1970, 1982), Tricomi (1965, 1965a, 
1975), or Borwein (1991). 


The following properties were proved in Borwein and Borwein (1987). 


Proposition 8. Jf the mean M is G-compoundable with N, then the mean 
M ®N is Strict, homogeneous, symmetric, isotone, or continuous if each of M 


and N is. 


Proof. We shall use in what follows only the isotony of a G-compound mean, 
thus let us prove it. Assume that M and N are isotone and denote M ®@ N = P. 
For a <a’ and b < b’, define 


ao = 4, bo =D, Qn41 = M(Gn, by) and by+1 = N (an, bn) forn = 0 
and 
a =a, bg=0', a+ = M(ai,, bj,) and by = N(a,,b),) forn > 0. 
Using (2.3), we can prove by mathematical induction that 
Gn <di,, by <b}, forn > 0. 


Passing to the limit, we get 


P(a,b) < P(a’,D’), 


which proves the conclusion. 


To establish the integral representation of AGM, the Gauss’ functional equa- 
tion was used. The method was generalized in Borwein and Borwein (1987) 
where the following result was proved. 


Theorem 82 (Invariance Principle). Suppose that M @ N exists and is con- 
tinuous. Then M ® N is the unique mean P which is (M, N)-invariant. 


Proof. Assuming that 
P(M (a,b), N(a, b)) = P(a,b) (3.15) 
for all a, b € J, by iteration of (3.15) it follows that 


P(a,b) = P(an, bn) = lim Pn, bn). 
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Thus 


P(a,b)= P(M ® N(a,b),M ® N(a,b)) =M ® N (a,b). 


Remark 80. As in (1.26), the relation (3.15) is called Gauss’ functional equa- 
tion. 


Remark 81. Writing (3.4) as 
Qn+1= Man, bn), bn4i = N(M, TI2) (an, bn), 
we have 
M&YN=M@N(M, II). 
So, as M @ N = P gives P(M, N) = P, then MXN = R gives 


R(M, N(M, 112) = R. (3.16) 


Remark 82. Another construction instead that of double sequences was used in 
Matkowski (1999a). A mapping IN: J* > J? is called a mean-type mapping 
if there are two means M, N : J? > J such that 


M(x, y) = (M(x, y), N(x, y)), WO, y) € J?, 


shortly 9Jt = (M, N). The composition of two mean-type mappings is a mean- 
type mapping. So, if 93 is a mean-type mapping then there exists the sequence 
of iterates of Jt. It is proved that if M and WN are strict continuous means, then 
the sequence of iterates of Jt = (M, N) converges to a mean-type mapping 
3B = (P, P), where P is the unique continuous (M, N)-invariant mean. A spe- 
cial case is that of power mean-type mapping P!?-4! = (P,,, P,), p,q € R. In 
Kahlig and Matkowski (1997) it is proved that the composition of two power 
mean-type mappings is a power mean-type mapping only in the following spe- 
cial cases 


pled opin] = lrrl  gylp-Pl 5 qylp.0l = gylp/?.p/?1 
p00 ogl-p.rl 0 5 gr eR. 


3.6 DETERMINATION OF G-COMPOUND MEANS 


The arithmetic-geometric G-compound mean can be represented by 


=j 
b=" aie dé 
A® Gla, — a / ’ 
2 0 Va2cos26 + b2 sin2 6 
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as we saw in the first chapter. The proof is based on the Gauss’s functional 
equation (1.18). 

Only a few G-compound means can be determined by direct computation. 
For example, for every mean M we have 


MSESM=M, 
but also 

1] @M=Ii; 
and 

M ® Il2 = Ip. 


As it is shown in Borwein and Borwein (1987), 
MEV=VEM=VandM@BA=AQBME= A, 


for each strict, continuous mean M. Indeed, in each case one of the resulting 
sequences is constant (a or b) and the other tends monotonously to the same 
value. 

Of course 


N®M(a,b)=M®N(b,a), 
so that, if M and N are symmetric, 
N®M=MOEN 
holds. But, we have for example 
Mm@®GAGetm. 


Indeed, as we saw IT; ® G = I]; but G @ Ii = G23. 

Looking after methods of determination of G-compound means, we can un- 
derline two general results. The first result was given in Borwein and Borwein 
(1987) for f a homeomorphism, and it was proved in Costin and Toader (2006) 
in a slightly more general form. 


Theorem 83. /f the mean M is G-compoundable with the mean N, then for 
every bijection f, with continuous inverse, the mean M (f ) is G-compoundable 
with the mean N(f) and 


M(f)®N(f)=M@N(f). 
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Let us give some applications. For every 4, 4 € (0, 1), we have 


A, ®@ Ay =A_w_, 


I—A+pu 


as it was proved in Toader (1987). Taking f = e,, and using the previous result, 
we obtain the following consequence. 


Corollary 59. For every m € R and i, pw € (0, 1), we have 


Pin. ® Pp = Prin, Me 


I-A+yu 


For every 4 € (0, 1) we also have 
A, ® HN» = G, 


as it was proved in Toader (1991). Taking f = em in the previous theorem we 
obtain another consequence. 


Corollary 60. For every m € R and i € (0, 1), we have 
Pm,a ® P_m-i = G. 


The special case, given by m = 1| and 4 = 1/2, can be found in Borwein and 
Borwein (1987). 

The second method of determination of G-compound means is given by the 
invariance principle. For example, we have the following results. 


Theorem 84. We have 
MEN=A(f) 
if and only if 


N= 20m = fo! f (ACP)) — AF (M) 
7 _ eae 


Corollary 61. We have 
M®O@N=G, 
if and only if 


ae 
80s; 1 Ge \ 
N=9 u=() : 
Corollary 62. Form #0, 
M ® N= Pm:a 
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if and only if 


1 
m m 
N= Pim.) y= |e) a] 
1-) 


Remark 83. If we take m = 0, p = 1/3, and M = 41/3, or p=1/2,m 40, we 
get some exercises from Borwein and Borwein (1987). 


Ninety G-compound means based on Greek means were given in Toader 
and Toader (2005) using also the invariance principle. Among them we have the 
well-known products: 


A®H=GandH ®C=A, 
but also the new products: 
FF, ® Fo = A and Fg @ Fo= G. 


There is no other case, non-equivalent to one of these four examples, in which 
all the terms be Greek means. 

The following results can also be obtained using the invariance principle and 
some theorems from the previous chapter. 


Theorem 85. We have the following products of means: 


(i) A, (@) ® A, (@)=A_u_ (a@),w~@ECM (J); 


T=\Fn 
(ii) A, (a%) ® Ay (a~*) = A(a) ,a@E CM (J), a>0; 
(iii) Cp. @ Q-pi-vz = As 
(iv) Cp. @ Ci—psi-a = G; 

(v) Cp. ® C_psi-a = H; 

(vi) Spq:h @ S—p,—qit-a = G; 

(vii) Sm+p,p:2 ® Sm—p,—p:1—a = Pm; 

(viii) Dp.q ® D-p,-q = G; 

(ix)Pm;, ® Th =P,,. 1 5 


(x) Tz @ Praja = ae ae 


IA 


Remark 84. The AGM can also be represented by 


i? = 7 (3.17) 
0 V@+Py(be+P) | - , 


a9ge.0=%-| 
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as it was shown in the first chapter. Starting from this, G.D. Song made the 
following conjecture: 


me dt = 
a cea i (a* + 17)P(b? + arr 


(see Giroux and Rahman, 1982). Although it seems to be a natural hypothesis, it 
was soon invalidated in Borwein and Borwein (1983) and in Wimp (1985). On 
the other hand, a similar function, 


tdt 


,b)= : 
oe i VG +P) +2) 


is used in Borwein (1996) to express the common limit of the double sequence 
given by: 


Cn 3 


Namely, for ag =a, bo = b, the limit is f(1, 1)/f (a, b). In Borwein and Bor- 
wein (1991) the limit was expressed by a hypergeometric series. 


dn + 2by 3, a2 + dnbn + b2 
——, bn = y| bn —.>———.. 


Remark 85. Making in (3.17) the change of variable t? = s, we obtain 


A®Gla,b)=n [ = . 
a,b)=n- : 
0 s(a2 + 5)(b? +8) 


This formula leads to the following general integral: 


1 
B(a, a’) 


[o,@) 
R(a; 5,5; a", b*) = y mht ta)y (+b) dt, 
0 
where a + a’ = 5+ 6’, Re(a), Re(a’) > 0, and B is the beta Euler’s function. 
It was considered in Carlson (1971) and it is related to the Gaussian hypergeo- 
metric series by the formula 


R(a; 8, 6’; a7, b”) = b~* F(a; 8,5 +6’; 1 — a/b’). 


B.C. Carlson was able to use R for the representation of twelve Gaussian prod- 
ucts. What is more remarkable, he made in this way a unified approach to 
Gauss’s algorithm and to Pfaff—Schwab—Borchard’s algorithm. Considering the 
means 


M, =A, M2 = G, M3 = G(A, M1) and M4 = G(A, Iz), 
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he was interested in finding the G-compound means 
Lij =M; ®M;, i,j =1,2,3,4. 
Of course 
Ly2=A®GandLy4=ANG. 
The following results hold generally. 


Theorem 86. For any fixed choice of distinct indices i and j, we have 
aL 
2a 


Lij(a,b) =| R(@: 6,542, b*)] 


where (a; 5, 6’) is given by the (i, j)-th entry in the table 


1 
2 
i=4 (4.4.3) (1,4, 3) d,1,1) * 


Proof. Let us denote f; = Mj(a, b). As it is shown in Borwein and Borwein 
(1987), making in R the substitution 


»_36+h) 
s+fP ; 
we get 
i 
R(a; 8, 5’; a7, b*) = ——— 3.18 
(a a0) Bw. a) (3.18) 


. if een Ctr G4 p76 ow 
0 


If we keep i and j fixed, we can determine values for the parameters for which 
Sk (kK #i, j) vanishes in (3.18). They correspond to the entry in the table and 
the resulting integral R is an invariant for M; ® Mj. 


Remark 86. As observed before, Lj2 and L14 have been previously identified. 
An interesting case underlined by B.C. Carlson is 


a2 — b2 


POO Zoga/6) 


(a#£b). 
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This result can be proved by the invariance principle. Indeed, we have 


A(a,b)-a—A(a,b)-b 
Latha Maa i | ee: 


A(a,b)-a 
2log V aaby-b 


Another algorithm which has an alternative proof is L13. As B.C. Carlson has 
shown, it can be expressed by inverse lemniscatic sine. Define 


x 
arcsl(x) =) C=) 7a, ¢ <4 
0 


and 
x 
arcslh(x) = Gary 7a, 
0 


where arcs! (x) is called the arc lemniscatic sine of x and represents the length 
of arc of the lemniscate from the origin to the point with radial coordinate x. 
Also, arcslh(x) is called hyperbolic arc lemniscatic sine of x but the function 
does not have a geometric interpretation as simple as arcsl(x). Then 


2_ p2 
vara b Ve =, 0b Se 
p2 
(orc j-8) 
2__ 42 
pee 0<a<b 


(orem 4 a - ) 
a 


Remark 87. From L34, using the method of changing the variables, in Borwein 
and Borwein (1987) it is deduced that 


L13(a,b) = 


G(P1/2, M1) ®@ G(P1/2, M2) = L. 


This result was further generalized in Borwein and Borwein (1993) where it is 
proved that for every 0 <r < 1, the following result holds: 


Gr (Dy1, TT;) ® G(D,1, TI2) =CL. 


This follows at once from the invariance principle. For r = 1/2 we get the pre- 
vious result. 


Remark 88. The strictly total positivity of the reciprocal of some of the above 
means was proved in Carlson and Gustafson (1983). 
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Remark 89. As we saw, 
MXRXN=M®N(M, II) 


so that we can also apply the above results for the Archimedean products. 


3.7. RATE OF CONVERGENCE OF A GAUSSIAN DOUBLE 
SEQUENCE 


Assume that the sequences (a;,),+9 and (bn),+9 defined by (3.12) have the com- 
mon limit a. We examine the rate of convergence of these sequences to their 
limit. Let us consider the errors of the sequences 


bn =n — A, Ey =D, —1, n> 0. 


To study them, we use again the Taylor formulas for M and WN at the point 
(a, a). Supposing that the means M and N have continuous partial derivatives 
up to second order, then we get the relation (3.8) and the similar relation 


Ent = Nala, @)8n + [1 — Nala, a) én + O(8; + €7)- 
Using them, the following result was proved in Foster and Phillips (1986). 
Theorem 87. [f there is no integer k > 0 for which ay = bx and if 
0 < Ma(a, a), Na(a, a) < land M,(a,a) 4 Na(a, a) 
then, asn > o, 
Bn41 = (Ma (a, &) — Na (a, 0) )8n + O87) 
and 
En+1 = [Ma (a, 0) — Na(a, a)]en + O(€2). 


Supposing that the means M and N have continuous partial derivatives up 
to the third order, then we have the relation (3.11) and the similar relation 


Ent = Na(a, @)dn + [1 — Na(@, &)] En 


1 
+5 [Naa (oe, 0)8n — Now (ot, on] (On — &n) + O(lbnl? + lenl?)- 


Using them in Foster and Phillips (1986) is proved further that: 
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Theorem 88. /f there is no integer k > 0 for which a, = bx and if 
0 < M,(a,a), Na(a, a) < land Mg(a, a) = Na(a, a) 
then, asn > ©, 
2[1 — Ma (a, a) }6n41 = {L1 — Ma(@, a) [Maa(o, «) — Naa(a, «)] 

+Ma(o, )|Mpo(o, ) — Nooo, a)}}5; + O (Idnl°) 

and 
2Ma(@, w)En+1 = —{[1 — Maa, @)|[Maa(a, &) — Naa(@, o)] 

+Ma(o, ) Mpp (at, &) — Nop(or,a)]}¢% + 0 (lenl?) 

Corollary 63. If M and N are symmetric means then 
Sn1 = [Male @) ~ Naat, @)] 3; + O (\dnl*) 

and 

ent = —[Maala, @) — Naa, a) -€; + O (lenl*). 


Remark 90. As we saw, most of the “usual” symmetric means have the prop- 
erty (2.30). For such means we have the following consequence. 


Corollary 64. If M and N are symmetric means such that 
d 
Maa (ot, @) = ©, aa(@, at) = —, c,deR, 
a a 
then 
c-—d 
Ont = a 62 +0 ((5n1°) 


and 


—d 


4 2 3 
Ent1=— 62 +0 (lenl?). 


Remark 91. In the special case of the AGM we have 
Bust = BE + O(IBul) . ens =— +62 + 0 (Ienl?). 
4a” 4a” 


The numerical examples suggest that the convergence is in fact better. This fact 
was emphasized also in Kellog (1929) by the remark that: 


Gop pe NOnl Ge Ba Be 
Ee tilde = 
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In Rasa and Toader (1990) it was proved that even in more general circum- 
stances the convergence is indeed much faster. 


Theorem 89. /f the means M and N are symmetric and have continuous partial 
derivatives up to the second order, then for every a,b € J there are the constants 
c > Oand p € (0, 1) such that 


on 
lan — bn| =\bn — Enl Sc po , Wn = 1. 


Proof. Let us denote by J’ the closed interval determined by a and b. Denote 
also 


f(x,y) =M(x, y)— N(x, y) 


and for a fixed x € J’, g(y) = f(x, y). We have g(x) = f(x, x) =Oand g/(x) = 
Sy(x, x) = 0. Thus the Taylor expansion of g in x yields a z between x and y 
such that g(y) = (y — x)?- g’(z)/2 or 


f@. y= —x)*+ fy, 2/2. 

Denoting 
K max | f(z, 2)| /2, 
zeJ’ 
it follows that 
|M(x,y)-— N(x, yl< K-(y—x) 
and so 
2 
|aj4i = bj+i| <K-(a;—b,)’. 


Taking the 2”~/—!-th power and multiplying the inequalities for j = i,i + 
1,...,2 — 1, we get 


lan — Pn| < UK + (aj = bi)P" /K. 
AS (an )n>0 and (bn )n>o have a common limit, we find ig such that 
pH Ray, bP 24 
thus 
lan —bn| < p”'/K , Yn > io. 
For 
c= max {1/K, lag = bale R= if= i 


we obtain the result. 
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3.8 COMPARISON OF COMPOUND MEANS 


A result about the comparison of the compound means MH WN and M @ N was 
given in Toader (1991). 


Theorem 90. [f the means M and N are isotone and M is A-compoundable 
and G-compoundable with N, then the following relation 


MON<MHN 


holds. 


Proof. For two initial values a,b € J define two pairs of sequences: (dn ),>0 
and (bn) n>0 by 


an+1 = M(an, by) and by41 = N(an, bn), n=O 


and Cane and (B, ps6 by 


a+ -_ Mcai,, bi.) and Bay = NG easly), n>0, 


where ay = a) = a, bo = by = b. If a < b we can prove by induction that 
dn <a’, and b, < Di, for alln > 0. 


Indeed, the relations hold with equality for n = 0. Assuming them valid for n, 
we have 


an+1 = M (an, bn) < M(a,,, bn) < M(a,,, bi) = Mei 


by the isotony of M. Then, as it was proved in (3.5), aj, < thus 


n Sai 
bn+1 = N(ay, bn) < N(a,, bi) <= NGiyt bi) = Dds 


Therefore 


M®N(a,b)= lim an < lim a, =M N (a,b). 


For a > b we get M @ N(a, b) > MH Na, b), which completes the proof of 
the relation. 


Example 10. The following inequality 


A®G<ARG 
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holds. Thus 


-1 
ne dé be — a2 
-. / aad forO<a<b 
2 0 Va2 cos2 6 + b2 sin? 6 arccos(a/b) 


and 


«| fr? do =: a — b? 
— i > , for0<b<a. 
2 |Jo Va2cos?26 + b? sin? 6 arg cosh(a/b) 


In Borwein and Borwein (1993) there is proved a Comparison Lemma which 
generalizes the Invariance Principle and allows proving some inequalities for 
G-compound means. We present here the following variant given in Costin and 
Toader (2006a). Denote 


At ={(a,b)eJ x J, a> Dd}. 


Theorem 91. Let the mean M be G-compoundable with the mean N and M => 
Non AY If the continuous pre-mean P has the property 


P(M,N) < PonAt, (3.19) 


then 
M@N<PondJyj. 
Proof. For (a,b) € Ay define the sequences (a,),>9 and (bn),>9 by 
An41 = M(an, by) and bn41 = N (Gn, bn), n= 9, 
where dg =a, bb) = b. As M > N, we have 
An = An+1 = bn+1 = by for all n = 0, 


thus (ay, bn) € AE for all n > 0. From (3.19) we deduce that 


P(G@n41; by+1) < P(Qn, bn) < P(a, b) for all n = 0. 


Passing to the limit, we reach our conclusion because P is a pre-mean. 


Similar results can be obtained on 
A, ={(a,b)eJ x J,a<b} 


and/or for M < N. 
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The Comparison Lemma from Borwein and Borwein (1993) can now be 
obtained as follows. Denote 
At ={(a,b) €R?; 1>b/a>e>0}. 


Corollary 65. Let M,N be strict continuous means on Af. If the continuous 
pre-mean P has the property 


P(M,N)<PonA}, 
then 
M@N<PonAt. 


Proof. For (a,b) € Af we have Atal c A‘, thus we can apply the previous 
theorem obtaining 


M ® N(a,b) < P(a,b). 


Using these results, some consequences were proved in Costin and Toader 
(2006a). 


Theorem 92. [f the following conditions are satisfied on ir? (i) M is G- 
compoundable with N and M' is G-compoundable with N'; (ii) M < M' and 
N <N’; (iii) the means M' and N’ are isotone; then the following relation 


M@N<M'OQN' 
holds on AY 


Proof. If we denote M’ @ N’ = P’, we deduce that P’ is isotone. Thus, for 
(a, b) € A‘, using the invariance principle, we have 


P’(M(a, b), N(a, b)) < P’(M(a, b), N’(a, b)) = P’(a,b), 


which gives the desired result. 


Theorem 93. [f the following conditions are satisfied on Ars (i) M is G- 
compoundable with N and M' is G-compoundable with N'; (ii) M < M' and 
N <N’; (iii) the means M and N are isotone; then the following relation 


M@N<M'ON' 


holds on AY 


Proof. We use the invariance principle and the isotony of M @ N = P. 
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Corollary 66. [f the following conditions are satisfied: (i) M is G-compounda- 
ble with N and M’ is G-compoundable with N'; (ii) M < M' and N < N’; 
(iii) the means M' and N' (or M and N) are isotone; then the following rela- 
tion 


M@N<M'@N' 
holds. 


Proof. AXJx J= AG UA, we apply the previous theorems separately on AY 
and on A;,. 


Apparently we cannot prove in the same way the following: 


Theorem 94. [f the following conditions are satisfied: (i) M is G-compoundable 
with N and M' is G-compoundable with N'; (ii) M < M' and N < N’; (iii) at 
least one of the means M, M’ and one of the means N, N’ is isotone; then the 
following relation 


M@N<M' ON’ 
holds. 


Proof. For two initial values a,b ¢ J define two pairs of sequences: (dn ),>0 
and (bn)n>0 by 


an+\1 = M (an, bn) and bn+1 = N(an, bn), n=O 


and (a1) ,,>0 and (OF ess by 


no -n n? 


A+ = M'(a',b’) and Day = N'(a’ bs n>0, 


where ag = ap = a, bo = by = b. We can prove by induction that 
Gn <ai, and by, < bj, for alln > 0. 
Assuming them valid for n and M to be isotone, we have 
Gn+1 = M(Gn, bn) < M (ay, by) < M' (ay, by) = a4 
If M’ is isotone, the same relation follows by a small change: 
dn = Mn, bn) <M! (an, bn) <M (a), Bh.) =a) 4). 


Similarly it is proved that b,41 < bj, 41: Thus 


M ® N(a,b) = him dn < dim ay = M’@ N'(a,b). 
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Example 11. We have 
A(G, Tl) ® A(G, M2) < G(A, M1) ® G(A, M2). 


Indeed, all these means are isotone and 


A(G, 1h) < G(A, Th), ACG, M2) < G(A, M2), 


both these inequalities being equivalent to the known inequality P1/2 < P). As 
we saw, B.C. Carlson proved that 


A(G, 11) ® ACG, M12) =£ 
and 
G(A, 11) ® G(A, M2) = G(A, £). 
So the inequality between the given G-compound means gives 
L<A, 
which is well known. 


Remark 92. In Carlson and Vuorinen (1991) given is the inequality 
L<A®G, (3.20) 
while in Vamanamurthy and Vuorinen (1994) proved is the inequality 
A®G<G(A,L). (3.21) 


These inequalities are equivalent to the following inequalities among G-com- 
pound means: 


A(G, 11) ® ACG, 2) < AG < G(A, M1) ® G(A, M2). 


For their proof, we cannot use the previous theorems because the means are 
not comparable. As they are weakly comparable, in Costin and Toader (2006a) 
results based on such hypotheses are established. 


Corollary 67. [f the following conditions are satisfied: (i) M is G-compounda- 
ble with N and M’ is G-compoundable with N’'; (ii) M < M' and N < N’; 
(iii) the means M' and N' (or M and N) are isotone; then the following rela- 
tion 


MOEN <M @N' 
holds. 
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Theorem 95. Jf the following conditions are satisfied: (i) at least one of the 
means M, M' and one of the means N, N’ is isotone; (ii) M is A-compoundable 
with N and M' is A-compoundable with N’; (iii) M < M' and N < N'; then 
the following relation 


M&N<M’ RN’ 
holds. 


Remark 93. Unfortunately, the inequalities (3.20) and (3.21) cannot be deduced 
from this theorem. The first inequality was proved in Braden et al. (1992) and 
Todd (1992). We present here the proof from Borwein and Borwein (1993). 
First of all, using the homogeneity of the means, the inequality £ < 4 @ G is 
equivalent to 


LU, x) <A®@GU,x), xE (0,1). 
Using the comparison lemma, we have to prove that 


LU, x) < L(A, GG), x), x € (0, 1), 


or 


Geen 


= < Jx-Inx, x € (0,1). 


Substituting x = y?, it becomes 


It+y , 1+y? 
Le 5 


5) <y-Iny, ye (0,1). 


Define the function g(y) = y - Iny. It is convex and g(1) = 0. As (1+ y?)/2 > 
[11+ y)/2I, it follows that 


l+y I+y? I+y 
-In < -In 
4 2 2 2 


Le (2) <8 -8 
a ee) 2 a es 


In the same paper the following inequality is also given: 
A@G< L3 /2- 
As above, it suffices to show that 


£3/2(1, x) > £3/2(A, G)U, x), x € (0, 1). 


2/3 


Replacing x by x*/°, this becomes 


LU, x) > L(P2/3, GU, x), x € (0, 1). 
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Written out explicitly, this becomes 


leo 


< 
= 33 \ 3/2 
x-1 (434) a: 


, x € (0,1). 


It was established by the authors only “by a somewhat unsatisfactory compu- 
tational route” which was only sketched. An explanation of the difficulty in 
proving it was found in the fact that the first four terms of the Taylor series, for 
x = 1, on each side of the inequality coincide. 


Remark 94. In Vamanamurthy and Vuorinen (1994) the following inequality is 
also proved: 


A@GSPi/2. 


The original proof is quite complicated. We give here a simpler one, which is 
in the lines of other results of this paragraph. In fact, we shall give a complete 
result taken from Costin and Toader (2006a). 


Theorem 96. The AGM verifies the following inequalities: 
Po=G <A®G<Pi2. (3.22) 


The inequalities cannot be improved, thus A ® G is not comparable with Pg for 
O0<q<1/2. 


Proof. As we already saw, the first inequality follows from the definition of the 
AGM. The second inequality is equivalent to 


Pij2(A, G) < Piy2, 


thus 


1 1 
FE Ye <2. 4 forall xe 0). 


Making the change of variable x!/4 = y, we obtain 


1 4 
este for all y € (0, 1), 


which, after some obvious manipulations, becomes (y — 1)* > 0. Let us prove 
now that the inequalities cannot be improved. Assume that 


AG <Py. (3.23) 
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According to the Comparison Lemma, we have 
AI+ Gl <2-Pi, 


or 


i+x\? 14x 
( **) 4x8 <2. > x €(0, 1). 


Denoting x = | — y, this becomes 


(1-2)"+a-»t <1 40-9, ye@,1). 


Using the binomial series, we get 


y  a(q-1) yy? q q(iq-—2) 94 
1 . (>) | : F 
ot 3 2 ES gh ag 
ay 
2441 g-yt Ah D2 5, SEO AY, 


thus 


ql = 2g) 


3 y+..<0, ye(0, LD. 


Yo ree 


(3.24) 


Taking into account (3.22), the inequality (3.23) cannot be valid for g < 0, thus 
q = 1/2. Similarly, the reversed inequality of (3.23) implies the reversed in- 


equality of (3.24). This time g < 1/2, which implies g < 0. 
Corollary 68. We have the following evaluation for the AGM : 


G<L<A®G <Pij2 < P23 <2 < Prn2 < A. 


Remark 95. In Vamanamurthy and Vuorinen (1994), using some complicated 


inequalities with elliptic complete integrals, it is proved that 
u 
A®G<--L. 
2 
So we have the logarithmic evaluation for the AGM 
wv 
L<A®G< ot L, 
together with that given before: 


L<A®G<L3/2. 


Other inequalities can be found in Sandor (1995, 1996, 2001), or Yang et al. 


(2014). 
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3.9 THE SCHWAB-BORCHARDT MEAN 


The mean 4 & G was named Schwab-Borchardt mean (see Neuman and San- 
dor, 2003) and we denote it by B. 
From (3.16) we deduce the invariance formula 


B= BA, G(A, M2)). 
Using it, in Neuman and Sandor (2003) the following is given: 
Lemma 18. [fa > b, then 
Bia, b) < Bib, a). 


In the same paper it is proved that 


B(A,G)=L (3.25) 
BG, AV=R (3.26) 
BA, Q=T (3.27) 
and 
BQ, A)=N (3.28) 
where 
a—b 
R (a, b) = —— (3.29) 
_ fa-—b 
2 arcsin {| ——— 
(¢ + 3) 
is the first Seiffert mean, introduced in Seiffert (1993), 
—b 
Tho“ =" (3.30) 
a—b 
2 arctan | ——— 
(¢ + 7) 


is the second Seiffert mean introduced in Seiffert (1995), and 


a—b 


: a—b 
2arcsinh (=) 
a+b 


is the Neuman—Sandor mean defined in Neuman and Sandor (2003). 
As the logarithmic mean can be given by 


N (a, b) = 


a—b 


a—b\’ 
2arctanh {| ——— 
a+b 


L(a, b) = 
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we see that these four means £, R, T, and N, are very similar. They together 
are called Seiffert-type means. 
Using the monotonicity of the mean @ in its arguments, Lemma 18, and the 
inequalities G < A < Q, in Neuman and Sandor (2003) it is proved that 
G= BG, G) < BIA, G) < B(G, A) < B(A, A) 
=A < B(Q, A) < B(A, Q) < B(Q, QD=Q 


thus 
Gah eK SAN ST HQ, 


The first three inequalities are known from Carlson (1972), Seiffert (1993) 
and Seiffert (1995a), while the last inequality appears in Seiffert (1995). We 
have referred also to Lin (1974) giving optimal evaluations of the logarithmic 
mean by power means (2.11). In the last ten years many papers were devoted to 
these means. For instance, in Jagers (1994) the following estimations are proven: 


P13 < R < P23, 
while in Seiffert (1995) it is given that 
Pi<T <P. 
Optimal estimations for the first Seiffert mean are given in Hast6 (2004): 


Pina <R < P2/3. 


2 
Inz 


We consider also the following. 


Definition 23. Two means M <.N can be separated by a family of means F,,, 
p €R if there is an index p such that M < Fy <N. 


The first separation of the means NV < T by power means was given in 
Costin and Toader (2012): 


N < P32 <T. 
The proof is based on Theorem 21, the relations (3.27) and (3.28), and the 
double-sided inequality 
Gij3 < B< Alys, 
proved in Neuman and Sandor (2003). We have 


Q+2A 


N = B(Q, A) < ; 


< D3 < D33/2 


Double sequences Chapter | 3 153 


= P32 < M1 = JAY < BA, Q)=T. 


Using the above results, in Costin and Toader (2012) the following nice chain 
of inequalities was obtained: 


Po <L<Piy72<R<Pi<N < P33 <T < Po. 


Including in this chain of inequalities the identric mean as in (2.12), in Costin 
and Toader (2012a) another chain of means is obtained, in which some Seiffert- 
type means are separated by power means with equidistant indices: 


Po <L<P1p3<R <Po3<L<Pi <N < P43 <T < P53 < P63 < J. 


Finally, optimal estimations by power means were obtained independently 
in Costin and Toader (2013) and Yang (2012) for the second Seiffert mean 


Pin 2/ nr /2) < F< P5/3, 


and in Costin and Toader (2013), Yang (2012a), and Chu and Long (2013) for 
the Neuman-—Sandor mean: 


Pin2/ In(in+2V2)) < N < Pays. 
So the optimal estimations by power means can be ordered as: 
Po <L£<Pij3 <Pinsinn < R < P2/3 <Z < Pina < Pago nan(3t2Vd) 
<N < P43 < Pin2/inr/2) < I <P5/3 < P2< TI < Poo. 


AS we saw in Theorem 18, the logarithmic mean was estimated also by other 
families of means. Using Lehmer means, in Alzer (1993) the lower estimation 
for the identric mean was given: 


C6 < ZL, 
in Wang et al. (2010) the Seiffert means were estimated: 
C56 < R<C 
and 


C <T <4), 


while in Costin and Toader (2014) the optimal estimations are given: 


A<N <CGy, 
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Gp=J <Q, 
and it is remarked that the above optimal estimations can only be ordered in two 
chains: 
Qp3<£<Q<N<Gy<Gpn<I<Q 
and 


C)6<R<T<O< I< Gp, 


as the means L < R <Z and WN < T cannot be separated by Lehmer means. 

Similarly, in Costin and Toader (2014a) optimal estimations by the special 
Gini means S, are determined. They can be given in two chains of optimal 
inequalities 


S13<L<S8, <N < 84/3 
and 
S23 << R<I<8i<N<T <S5/33< J <8). 


The pairs of means L < P, P < Z, and N < T cannot be separated by these 
special Gini means. Also, as in (2.13), the optimal estimation of each of the 
means , Z, NV, T, and J can be ordered as follows: 


Pin2/inx, 52/3 < C56 < R < P2/3< CQ =Si=A 
S2/3, 5/6 < P23 <2 <Pin2< Ci =S) =A 
A= C1 =S1 < Pig osinant2/D) <N < Pas < Crjs < $43 
A= C1 =S81 = Pin2/inx/2) < F< P5/3 < Ca3 < 55/3 
P2 < G2 <82=FT=S82<O<Po. 


We have to remark that S2/3 is not comparable with Pin2/inz and C5/6. 


3.10 SEIFFERT-LIKE MEANS 


Taking into account the representation of the Seiffert means R and T by (3.29) 
and (3.30) respectively, in Toader (1998b, 1999) the generalized Seiffert means 
Rup and Ty, py are defined by: 


a—b 
Ru, p(a, b) = a—b 


p arcsin —————— 
p:-M(a,b) 
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respectively 


a—b 
Tu, p(a, b) = 


a—b 

p-M(a,b) 

where M is a mean and p a positive real number satisfying some conditions, 
thus 


p arctan 


Uu 
= M . i Th = —<—_——+ 
Rut.p arcsinu Mp arctan u 
. a—b 
with yu = ——___., 
p:M(a,b) 


A special case Rp = Ry 1, Tp = Tq 1 was redefined and used in Chu et al. 


(2011) and a similar one in Neuman (2013). Other generalizations of the Seiffert 
means were defined in Neuman (2014) using the Schwab-—Borchardt mean as in 
(3.25)—(3.28). 

A general construction of Seiffert-like means was developed in Witkowski 
(2013). For positive a, b and a positive function f : (0, 1) > R, let 


la —b| 
la—b|\’ 
S¢(a,b)= 2, 
fem) (Eo) 
a, a=b. 


axzb 


The author was interested under what assumptions on /f, the function S$ 
is a mean. He found the following answer. Denote by S the set of functions 
f:(, 1) > R satisfying 


z 


x 
142 2M 27 (3.31) 


They are called Seiffert functions. Denote also by H the set of homogeneous 
symmetric means. 


Theorem 97. The mapping f — Sf is a one-to-one correspondence between S 
and H. 
If M € H anda <b, then 


m(a,b)= 9S". (24°88 see een 2) 


a+b , a+b 
b-a 
a 
M(1+z,1-—2z) 
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b-a 
where z = ——., thus 
b+a 


z 


IM@ = Gta» 


is the Seiffert function of the mean M. 
For instance, 
Zz z 
fr@)= tae: A@= ts 


Writing the condition (3.31) as 


1 1 
—|< —-—-<]l 
Ff) =z 
we see that 
1 
ds(f,g)= sup |—~- —~ 
O<z<l f() g(z) 


defines a metric on S. It induces a metric on H as 


ie: 
fu(z) — fn(z) 


dy(M, N)=ds(fm, fv) = sup 


O0<z<l 
2 |la—b| |a—bl Meet) Need) 
= sup =2su 
ath |€— | |2fu(z) 2fn(Z) ath a—b 


which is analogous to (2.25). 
It can also be used to prove that if M, N € H are such that dy(M, N) <2, 
then there exists an unique mean P € H which is (M, N)-invariant. 


3.11 DOUBLE SEQUENCES WITH PRE-MEANS 


As it was shown in Toader and Toader (2007), the arithmetic-geometric process 
of Gauss can be generalized as follows. Let us consider two functions M and N 
defined on a set D and let (a, b) € D be an initial point. 


Definition 24. If the pair of sequences (dn),>9 and (bn),>09 can be defined by 
an41 = M(Gn, bn) and bn41 = N (an, bn) 


for each n > 0, where aj9 = a, bo = b, then it is called a Gaussian dou- 
ble sequence. The function M is compoundable in the sense of Gauss 
(or G-compoundable) with the function N if the sequences (a,),+9 and 
(bn)n>o are defined and convergent to a common limit M @ N(a, b) for each 
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(a, b) € D. In this case M @ N is called the Gaussian compound function (or 
G-compound function). 


Remark 96. If M and N are G-compoundable means, then M @ N is also a 
mean called the G-compound mean. 


In the case of means, the method of searching G-compound functions is 
based generally on the invariance principle. In Toader and Toader (2007) the 
following generalized invariance principle was proved. 


Theorem 98. Let P be a continuous pre-mean on D and M and N be two 
functions on D such that N is the P-complementary of M. If the sequences 
(Qn) n>o and (bn) n>0 defined by 


i M (ay, bn) and bn+1 = N(an, bn), n=O, 


are convergent to a common limit L denoted as M ® N (ao, bo), then this limit 
is 


M ® N (ao, bo) = P(ao, bo). 

Proof. As N is the P-complementary of M, we have 
P(M (aq, bn), N (Gn; bn)) = P (Gn, bn), Vn = O, 
thus 
P(Gn+1; On+1) = Pan, bn), Vn = 0. 
But this also means that 
P (ao, bo) = P(an, bn), Vn = 0. 

Finally, as P is a continuous pre-mean, passing to the limit we get 


P(ao, bo) = P(L,L)=L, 


which proves the result. 


It is natural to study the following 


Problem. If N is the P-complementary of M but M,N, or P are not means, 
are the sequences (dy),>9 and (bn),>9 Convergent? 


The answer can be positive as it is shown in the following: 
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Example 12. We have %/5 Gs/3 = G3/2, where G3/2 is not a mean. Take ap = 
10°, bo = 1 and 
An+1 = G5/8(Gns bn), bn+1 = G3/2(Gn, bn), n = 0. 
Though some of the first terms take values out of the interval [bo, ao] like 
by © 3.1- 107, b3 © 4.7- 10°, bs 1.1 - 10°, by & 3.7- 10°, bo & 1.5- 10°, 
finally we get a1o9 = 9999.9..., bio09 = 10000.1..., while G4/5(ao, bo) = 104. 
But the answer to the above Problem can be also negative. 


Example 13. We have 9-! G2 = G but taking ay = 10, bp = 1 and 


G41 = G2(an, by) and by+1) = G(an, bn), n= 0, 


we get a3 = 10°, b3=4- 10°, and the sequences are divergent. In this case G2 
and G_; are not means. 


3.12} OTHER GENERALIZATIONS OF DOUBLE SEQUENCES 


It is well known that, before 1799, C.F. Gauss studied the AGM of complex 
numbers. As it is shown in Cox (1984), if for two complex numbers a and b we 
take agp =a, by = b and 


antl = A(an, bn), Dn+1 = G(an, bn), n= 0, 


we get uncountable many sequences (a, ),>9 and (bn),>9, because we have two 
choices for b,+1 for all n > 0. One of them is special. If a,b € C* anda 4 +b, 
a square root byj+41 Of dy, - by is called the right choice if |a, — bn | < |an + dn| 
and, when |ay — by| = |adn + Dn|, we have Im(b,/ay,) > 0. A pair of sequences 
(Qn)n>o and (bn),)>0 18 called good if by+1 is the right choice for Vanby for all 
but finitely many n > 0. The following result was proved in Cox (1984). 


Theorem 99. Ifa, b ¢ C* and a # +b, then any pair of sequences (an),>0 and 
(bn)n>o9 Converge to a common limit, and this common limit is non-zero if and 
only if (dn)n>o and (bn)y>09 are good sequences. 


Similarly, in Phillips (1984) the complex Archimedean harmonic-geometric 
mean is treated. For two complex numbers a and b, we take ag = a, bo = b and 


Gnt1 = H (an, bn), bn4i = G(an41; bn), n=O. 
Excluding, as above, the trivial case ab(a2 - b?) = 0, let us denote 


a=d-tanhz, b=2-sinhz, 
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with z=x-+iy,x >Oand —z < y <7. We may choose the value of the square 
root at each stage so that 
z 


Qn = 2") tanh fi by = 2" sinh =, 


thus the complex sequences (d,),> 9 and (bn),>9 tend to the common limit i. 
This depends again on the choice of the square root for each value of by+1, 
n>0. 

Using some of these ideas, in Toader (1986) means for complex numbers 
were defined and complex double sequences were studied. The natural general 
frame to develop the axiomatic study of means and its application to double 
sequences is that of lattices, which was considered in Toader (1987a). 


Remark 97. A generalization of double sequences in another direction was 
given in Schlesinger (1911). Namely, a triplet of sequences is considered, de- 
fined as follows: 


A+1 = 


3 3 
Chtl = CA i ,n=0, 


an + by + cn (= + bacn + ae) 
rs | bn+i = ’ 


where aj = a, bo = b and co = ¢ are three given positive numbers. It is proved 
that the sequences are convergent to the same limit. A similar method was used 
in Ory (1938) where the Heron’s method was extended for higher order roots. 
An AGH mean was defined in Dmitrieva and Malozemov (1997). More gen- 
erally, in Sternberg (1919), Gustin (1947), Bellman (1956-1957), Everett and 
Metropolis (1971), Wimp (1985), and Toader (1987a) arbitrary multiple se- 
quences are considered. 


Chapter 4 


Integral means 


ABSTRACT 

We present a general mean that has an integral representation, which was given in Toader 
and Toader (2002a). This definition allows to construct means, but also pre-means. We 
also study some properties of integral means. 


The arithmetic-geometric mean has the representation 


1 27 do - 
a pe , 4.1 
yee 2m Jo /a2-cos26 + b2 - sin? 6 = 


as we saw in the first chapter. 

This expression was generalized several times (see for example Rassias and 
Kim, 2008) to give integral representation of many other means. In what fol- 
lows we shall present a general mean of this type which was given in Toader 
and Toader (2002a). The definition uses three auxiliary functions. It allows to 
construct not only means but also pre-means. In fact, we obtain all the inte- 
gral pre-means which are given in: Kim (1999), Kim and Ume (2000), Liu 
(2001, 2001a), Toader (2001, 2002), Kim and Rassias (2002), Rassias and Kim 
(2003). 


4.1. THE DEFINITION OF THE INTEGRAL MEAN 
Letr:J—> J’, g: J’ => J", and p: J' > R be three strictly monotonous 
functions. If we denote the function 
1 20 
fa, b; p.g.r) = =| poq'[g or(a)- cos? +4 or(b) - sin? 0]d0, 
0 
(4.2) 

then 

Mpqr(a.b)=r!op '[f@b; par) (4.3) 


defines a mean on J. 
Let us consider some special cases. First of all, for r = e; let us denote 


f(a, b; p,q) = f(a, b; p,q, e1) and Mpg = Mp,q,e,- (4.4) 
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If moreover g = e,, we denote My, = My n. The arithmetic-geometric mean 
of Gauss is then obtained for n = 2 and p = e_). For n = —2 and p = e_2 the 
mean can be found in Polya and Szegé (1951). The case n = | and p = log 
was studied in Carlson (1975). The essential step was done in Haruki (1991) by 
considering M,,, for n = 2 with an arbitrary p. The values n = —1 andn=1 
were studied in Haruki and Rassias (1995) and Haruki and Rassias (1996). The 
case of an arbitrary n was studied in Toader (1998) and continued in Toader and 
Rassias (1999). In Toader et al. (2001) the definition of Mp, is given while the 
general construction of Mp,q,, is given in Toader and Toader (2002a). 

On the other hand, as it was remarked in Toader and Toader (2002), Mp,q,r 
can be defined as an M-quasi mean. Indeed, for g = e; let us denote 


f(a, b; p) = f(a, b; p,e1) and Mp = Mp ey. (4.5) 
We have 
f a,b; par) = fig or@, (qq eorb); poq |] 
and so 
Mp,q.r = Mpog-1 (9 01), 


thus M),¢,r is a quasi-M,,,-1 mean. 


poq 


4.2 A RECURRENCE FORMULA 


The above results were used in Toader and Toader (2002a) for the determination 
of explicit values of some means M,4,-. For this we need to make several steps. 

First of all, from Haruki (1991), Haruki and Rassias (1995), and Haruki and 
Rassias (1996) we can deduce the following values: 


b 3a2 + 2ab + 3b 
f@,bed= —. f(@,b; @) = a. 
1 b 
iG bea Febee- 2" = 


io 2 (vas) 


a) 


Fasieo)= Woe ( 5) 


2 b 
f (a,b; e-1/2) = aaa 1- *) 
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and 


fae e1/2) = | 1- *) F 


where K and E are the complete elliptic integral of the first, respectively of the 
second kind, given by (1.26) and (1.34). 

Then, to determine f(a, b; e,) for another value of n, we use a recurrence 
formula. It was given in Toader (1998). 


Theorem 100. [fn is a real number different from 0, 1, and 2, then 


( ax ( -) 
f (a, b; én) ={2-— — » f (a,b; en-1) — | 1-— }) -ab- f(a, b; en-2) 
n 2 n 
(4.6) 


is valid for all positive numbers a, b. 


Proof. We have 


20 


1 n on _—b n 
——— exe ij jee -cos20}) dé. 
Qn 2 0 a+b 


a— 20 
k= and J, = 1+k-cos20)" dé, 
aa and J [ 


1 20 
f(a, b; o=5- f (a- cos’ @ + b- sin? 6)"d6 
0 


Denoting 


we get 


1 (a+b\" 
PNG 0; en) = 5 on ee 
For J, we have 
20 
n= | (1+k-cos26)-(1+k-cos20)""!d@ 
0 
k 20 
me Se (sin 20)’ - (1+k-cos20)""! de 
0 
k I 20 
= Jn-1 + 5 : [sin26 -(L+k-cos26)"— ll, 


2n 
1G » | (sin20)* - (1 +k-cos20)"~* dO = In_1 
0 
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2n 
tin = edn eT) (k -cos20)* - (1+k-cos20)"~? dé. 
0 


So, 
needy On= 1) dg $= DE —1) + Jo; 


which gives (4.6). 


Remark 98. Using the recurrence formula and the expressions given above, we 
can determine, step by step, the value of f(a, b; €n/2) for all n € Z. Moreover, 
if po qv! = €n/2, we have 


f(G, Bs enj2°9g,9,7) = f(g or@), 4g or); en/2). 


So we can use the above values to get the expression of any term of this type 
and the value of the corresponding means. For example, we have 


Me_30q,q,r (As b) 
se ( 21(g or)(a)- q oryb)P/S ) 
[3((q or)(b))* +2: q ory(a)- (G or)(b) +3((g or)(a)yr7 IF 


Remark 99. We cannot use the recurrence formula for the determination 
of Mp,n for n = 0. In Toader and Rassias (1999) a connection between these 
means and the Bessel functions is given. We have Me, ,e, = G while, form 4 0, 


2 1/m 

1 oi 2 2 

Me,, eo (a, b) = (xf es a a) 
0 


1 [7 say (m/2) cose I/m ‘ae 1/q 
= b = = = b — cos.p 
gaye f(r ap] = Gta. (— [eX eae) 


where X = (m/2) In (a/b). From Gradshteyn and Ryzhik (1994) we deduce that 
1 is 
= / eX © ¥dy = Jo(—iX), 
IH Jo 


where Jo is the Bessel function of the first kind. Thus, 


00 x 2k 1 1/m 
Mem,eo(4, b) = G(a, b) LJo(—iX)]'/" = Gla, b) | D> (5) —s 
k=0 2 (kt) 
00 1/m 
m. a\2k_ 1 


k=0 
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4.3 GAUSS’ FUNCTIONAL EQUATION 


In the study of the arithmetic-geometric mean we have distinguished three main 
mathematical objects: the mean, its integral representation, and the Gauss’ func- 
tional equation (which makes the connection between the first two). We have 
presented generalizations of the integral representation formula. The Gauss’ 
functional equation was also generalized several times. We give here the most 
general functional equation 


F (Ma, b), N(a, b)) = F(a, b) (4.7) 


as it was considered in Toader and Toader (2002a). Assuming that M and N 
are two arbitrary pre-means, the following results were proved. 


Lemma 19. [/f the function F is two times differentiable and verifies the func- 
tional equation (4.7), then the function F is a solution of the differential equa- 
tion 
Faa(c, ¢)- Ma(c, c) - Mp(c, ¢) + Fav(e, c) - [Ma(e, ¢) - No(c, ©) 
+Mp(c, c) - Na(c,c) — 1] + Fop(c, ¢) - Na(c, ¢) - No(c, ¢) + Fale, €) - Mav(c, ©) 
+Fyp(c,c)- Nap(c,c) = 0. 


Proof. Taking in (4.7) the partial derivatives in respect to a we obtain 
Fa{M (a, b), N(a, b)|- Ma(a, b) + Fo[M (a, b), N(a, b)]- Na(a, b) = Fa(a, b). 
Taking again the derivatives with respect to b it follows that 
{FaalM (a, b), N(a, b)]- Mp(a, b) 
+ Far|M (a, b), N(a, b)]- Np(a, b)} - Mala, b) 
+{ Fal M (a, b), N(a, b)] . Mp(a, b) 
+ Fyp[M (a, b), N(a, b)]- No(a, b)} - Na(a, b) 


+Fy[M (a, b), N(a, b)] . Mav(a, b) 
+Fp[M (a, b), N(a, b)]- Nav(a, b) = Fava, b). 


For a = b=c we obtain the desired formula. 


Corollary 69. [f the function F is two times differentiable and verifies the func- 
tional equation (4.7) for symmetric pre-means M and N, then the function F is 
a solution of the differential equation 


Faa(c, ¢) — 2Fap(c, c) + Fop(c, c) + 4Fa(c, c) - Map(c, €) 
+4Fy(c,c)- Nap(c,c) = 0. 
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Proof. As we saw in (2.27), if M is a symmetric pre-mean then 


Ma(c,c) = Mp(c, c) = 1/2. 


In what follows we assume that the function p is two times differentiable. 
As in Haruki (1991), we can prove the following result. 


Lemma 20. The function f defined by (4.5) has the following partial deriva- 
tives: 


1 
falc. ¢ P) = folc.¢ P)= 5° p'(c), 
3 
Faa(c, €: P) = foolc, es p)= 3 p’(c) 
and 
1 " 
far(c, cs p) = ris (c). 
Proof. From the definition, we have 
1 20 
f(a, b; p) = =| p(a-cos’6+b- sin? 6) dé, 
20 0 
thus 
1 20 
fala, b; p=x | p'(a-cos?6 + b- sin?) - cos” 6 dé, 
0 
1 20 
faa(a, b; p) = =| p"(a-cos”6 + b- sin? 6) -cos*@ da 
T JO 
and 


1 20 
fav (a,b; p)= =| p"(a- cos” 6 + b- sin’ 6) - cos” - sin? 6 dé. 
w JO 


Setting a = b =c, we get the desired relations. 


Using them, the following results were proved in Toader and Toader (2002a). 


Lemma 21. The function f defined by (4.2) has the following partial deriva- 
tives: 


1 
flCCP.G.7) = IGG Par)S = (por)'(c), 


3 j 
Glee pens Glee paen= a (por)'(c) 
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(qor)"(c) 


1 / 
ma ipo) tay wane 


and 


fav(C, ¢; Pgs) = = (por)"(c) — Ee (por)'(c)- Ete SGe (4.8) 
8 8 (qory() 


Proof. If we consider 


g(a, b) = h(u(a), v(d)), 


we have the following well-known formulas: 


8a(a, b) =h,(u(a), v(b)) -u'(a), 
8aa(a, b) = hyn (u(a), v(b)) -w? (a) + hy (u(a), v(b)) -u" (a) 
and 
Sab (a, b) = hyy(u(a), v(b)) -u' (a) - v'(b). 


Using them for (4.2), we get: 
1 
fall. PON =5 (Pog JIG erOl-@or©) 


1 
‘Mpeg ')oqor)(= 5 (Per), 


Nile 


3 
faalC,€: Prt) = (poq')"[(g orc): (q or) 7c) 


1 
+7 (pe q'Y iq orc): (qor)"(c) 
3 
= @ og')"Ugor(Ol- (or) + (peg Tg on] 
1 
gory") + 5: (pe q'YUqor)\(c)]- @or)"() 


3 1 
=5 [(pog')o(gor)I"(c) + [(pog')o(qor)I'(c) 
(gor)"(c) 3 I (gory"(c) 


“@qory(c) = tnor) (+ (per) (c)- (gor)'(c) 


and 


1 
fab(C.6 Prd) = (poq')"[(q orl: (gory *(c) 


1 


=, {le q')o(qor)I"(c) —(pog') Igor]: gor)" (c)} 


168 Means in Mathematical Analysis 


(qor)"(c) 
(gor)'(c)- 


Combining the previous results, we obtain the following result. 


= FPN" Zeno 


Theorem 101. Jf the function f, defined by (4.2), verifies the functional equa- 
tion (4.7), then the following relation 


(por)'(c) -[3+ Ma(c,c)- Mp(c,c) + Ma(c, c) - Np(c, c) 
+Mp(c,c)- Na(c,c) +3-Na(c,c)- No(c,c) — 1] 4+ (por)'(c) 
(qor)"©) | 
(qory'(c) 
+Na(c,c) + Np(c,c) — Ma(c,c)- No(c,c) — Mp(c, c) + Na(c,c) + 1} =0 


-{4-[Map(c, c) + Nap(e, c)]+ [Ma(c, c) - Mp(c, c) 


holds. 


Corollary 70. [f the function f, defined by (4.2), verifies the functional equation 
(4.7), where the pre-means M and N are symmetric, then 


(qor)"(c) 
(qor)(c) 


Remark 100. Most of the usual means M have the property (2.30), that is, there 
exists a constant ~@ = a(M) such that 


(por)"(c)+ (por) (c)- +4-[Mav(c,c) + Nav(c, ol =0, 


a(M) 
—— 


Mav c, c) —— 


If M and WN are such means that q = e, and r = e,,, with nm 4 0, the above 
relation becomes 
n—1—4-[a(M)+a(N 
(por)'(c)+(por)(c): JelcatlasL 0, 


Cc 


which gives the following: 


Corollary 71. If the function f defined by (4.2) verifies the functional equa- 
tion (4.7), where q = €n andr = éy, withnm # 0, and the symmetric pre-means 


M and N are such that 
a(M) a(N) 
Mav(c, c) =r c ’ ‘ab(C, c) — 7 c ’ 


then 


p(c)=k- clit4 le) +aW)I}/m—1 4p 


where k and h are arbitrary constants. 
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Remark 101. These results are generalizations of all similar properties proved 
in the papers: Haruki (1991), Haruki and Rassias (1995), Haruki and Rassias 
(1996), Toader (1998), Toader and Rassias (1999), Kim (1999), Kim and Ume 
(2000), Ume and Kim (2000), Toader et al. (2001), or Toader (2002). In all of 
them, for special functions g and r and special means M and N, the function p 
is determined, as a solution of the above differential equation. In some cases 
it is proved that we really get a solution of the given functional equation. For 
example, the following consequence holds. 


Corollary 72. If the function f given by (4.4) is a solution of the functional 
equation 


F(P, (a,b), Ps (a, b)) = F(a, b), (4.9) 
p has a continuous second order derivative, and q = én, then 
P=Ae45-nt+B, (4.10) 
with a, B arbitrary real constants. 


The condition is also sufficient in some cases as it was proved in Toader and 
Rassias (1999). 


Theorem 102. The function f given by (4.4) with p given by (4.10) and q = én, 
verifies the relation (4.9) ifn £0, t=n, ands = —n. 


Proof. It is enough to set p = e_,. Then 
2f (a, b; €_n, en) 


4 i? do e [ do 
~ 20} Jo asin? @ +b" cos? 0 b"sin?@ +a" cos26 


_ 1 [ (a" 4 b")dé 
~ 20 Jo a"b(sint @ + cost @) + (a2" + b2”) sin? 6 cos2 6 


il [ do 
Jo [P-n(a,b)]" cos? 20 + [Pn (a, b)}" sin? 20 


If we set g = 20, we obtain 


fla,bie-ne) = | . aki 
a, D0; €—n, en = Ti : 
4a Jo [P_n(a,b)]" cos? g + [Pn(a, b)]" sin® 


= f(P_n(a,b), Pn(a, b); e—n, en). 


Therefore (4.9) is verified in this case. 
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Remark 102. The result was proved for n = 1, f = 1, and s = —1 in Haruki 
and Rassias (1995). 


Remark 103. A relation of another type than (4.7) was proved in Carlson 
(1975). It is proved that f(a, b; log, e;) verifies 


F(A’ (a,b), G?(a, b)) = 2F (a, b). 


4.4 SPECIAL INTEGRAL MEANS 


Another problem studied in all the papers related to integral means of (4.1) type 
is that of the determination of functions p, g andr for which the mean Mp q,r 
reduces to a given known mean, for example a power mean P,,,. Using some 
results from the previous section we can prove the following general results. 


Theorem 103. /f for a given mean N we have 
Mp.qr=N 
then the functions p, q, and r verify the relation 


(por)"(c)-(qor)'(c)-[L—8- Na(c,c): No(c,c)] 
=(por)(c)- l(q or)"(c) +8- Nap(c,c)- (qo ry'(c)] : (4.11) 


Proof. We have 
f(a, b; p,g.r) = p[r(N(a, b))]. 
Taking the partial derivative with respect to a, we have 
fa(a, b; p,q.) = p'Ir(N(Ga, b))]-r'(N(a, b)) » Na(a, b). 
If we take now the partial derivative with respect to b, we get 


fava, b; p.g.r) = p" [r(N (a, b))]- [r'(N(a, b))|° - Na (a, b) 
-Np(a, b) + p'[r(N (a, b))]-1"(N (a, b)) - Na(a, b) - No(a, b) 
+p’ [r(N (a, b))]- rN (a, b)) » Nav(a, 6). 


Setting a = b=c we have 


far(c, c: p.g-r) = pv" rl -[r'(O]? - Na(c, 0) - No(c, ©) 
+p'[r()]-r"(c)- Na(c.c): No(c, 0) + p' Ir) -r'(0) + Naw(c,), 


thus 


far(c, c3 p,g.r) =(por)"(c)- Na(c, c) + No(c, c) + (por)'(c) + Nap(c, ¢). 


Using (4.8) we obtain the desired relation. 


Integral means Chapter | 4 171 


Corollary 73. [f for a symmetric mean N we have 
Mp.q,r =N 
then the functions p, q, and r verify the relation 


(pory"(c): (qory'(c) + (por) (c) 
: [(q or) (c) +8-Nap(c,c)- (qo ry'(c)] =0 


Proof. As we saw in (2.27), if N is a symmetric pre-mean, then 
Na(c,c) = Np(c, ce) = 1/2 
so that (4.11) reduces to (4.12). 


Corollary 74. If the symmetric mean N is such that 


Nap(c, c) = 2) 
and 
My.qr =N 
where 
gor=en, 
then 


por=k. €2—n+8-a(N) + h, k,heR. 
Proof. The new hypotheses simplify (4.12) to 
c-(por)"(c) + (por) (c)-[n—1—8-a(N)]=0 


which gives (4.13). 


(4.12) 


(4.13) 


Corollary 75. [f the mean M, reduces at the power mean Py, for arbitrary n, 


then 
P=e2m-n +B, a, BER. 
Proof. We know that 


m—1 
0(Pm) = 


and we apply (4.13). 
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Remark 104. In some cases the above conditions are also sufficient to obtain 
the mean ?,,. This was proved in Haruki (1991) for n = 2 and m = 0, 1, or 2 
and in Haruki and Rassias (1996) form = 1 and m =0, 1, or 1/2 and forn = —1 
and m = 0, —1, or —1/2. They are special cases of the following result proved 
in Toader and Rassias (1999). 


Theorem 104. The mean My, reduces to the power mean Py for arbitrary n 
if 
P= e2m-n +B, a,BER 


and m takes one of the following values: i) m = 0; ii) m =n; or iii) m=n/2. 


Proof. Itis enough to take p = €2m—n. 1) We have 


-1 
Me_,.n(a,b) =[f (a,b; e-n,n)]/. 
As it was remarked in Toader (1998), 
f(a, b; €m,€n) = f(a’, b”; emjn)s (4.14) 


thus 
-1 
Me-y.n(a,b) =[f(a", b's e)] 
The relation 
1 
Ia, b; e-1) —— 
ab 
which was given before, implies 


1 —l/n 
saa| = Vab=P,(a, b). 


a” 


Me_,.n (a,b)= 


ii) Similarly, using again (4.14), we have 


Me, n(a, b) =[f (a,b; ens en)” =[ f(a", b"; er)” 


= Py (a, b). 
iii) As e9 = log, we obtain 
Me, .n(a, b) = exp [ f(a, b; Co, n)| . 


Now, instead of (4.14) we have the relation 


l n pn 
f (a, b; €o, €n) = ,1@ ,b"; eo) 
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and using the formula 


ais a, 


f(a, b; co) = 109 ( : 


it follows that 


l qgn/2 4. pn/2 2 
Me,.n(a, b) = exp n te ( ) = Pnj2(a, b). 


2 


Remark 105. It is an open question if the property is valid also for other values 
of m. For example, it is known (see Haruki and Rassias, 1996) that Me_,.2 4 
Piy2 and Me ,.2#P-1. 


4.5 COMPARISON OF INTEGRAL MEANS 


The means M, 4 are special cases of the means M, defined in Toader (1998a) 
by (2.14). Indeed, let us consider a strictly monotonous function g and take the 
family of means Ry = {Rz,9 : 8 € [0, 27 ]}, defined by 


Rg,o(a, b) = q7'[q(a) - cos? 6 + q(b) «sin? 6]. 


The mean My for R= Ry is just Mpg. 
We want to give some applications of the inequalities (2.16) and (2.17), for 
this special case. 


Corollary 76. [fk <h then 
Mex.g < Meng (4.15) 


for every strictly monotonous function q. 


Proof. Ilf0<k <h, then ep, o ec! = €h/k iS convex and e, | = €1/n is increas- 
ing. Fork =0 <h, (e, 0 e5!)(x) = exp(hx) is also convex and a = e1/h 
increasing. If k <0 =h, again e, o e! =k-'e, is convex and e,! = exp is 
increasing. Finally ifk <h <0, ey, 0 ej = €h/k iS concave but e, = e1/h is 
decreasing. In all the cases we get (4.15). 


Lemma 22. The means R,, 9 are increasing with n for each 6 € [0, 27]. 


Proof. We have 


1/n 
cos26 + (2)" sin? 6| 0 
Re, 0 (a, b)= al (2) n# 
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thus Re, (a,b) =a- f(n), where 


f() = Pn,t(e, 1) 


with c = b/a and t = sin” 6. The function f is increasing. 


Corollary 77. [fn <m we have Mpy,e, < Mp,e, for every monotonous func- 
tion p. 


Other inequalities with integral means can be found for example in Toader 
and Raga (1996). 


4.6 INTEGRAL PRE-MEANS 


In Kim (1999), the expression considered was 


1 _ 
Kon a,b) = FP "(£ (a, b: p, ean) (4.16) 
for n = +1. It can be written also as 
M2 
Raa = a 


and, as it was proved in Toader (2001), generally this is not a mean, it is only a 
pre-mean. 

In what follows we present a general definition of pre-means of this type 
given in Toader and Toader (2002a). It contains as special cases all the other 
generalizations of (4.16) of which we are aware. 

Let the functions p, g, and r be as in (4.2) and N and R be two arbitrary 
pre-means. Let us define the expression 


p-' (f(@,b; p,4@.r)) 
r(N) 


M(p,g.r;sN, R=R- 


. J A (Mp.q,r) = 1 (M pog- (4 or)) 
M(p,g,r;N,R)=R- FUN) —R. a 


it is easy to check that it represents a pre-mean. 


Remark 106. If we take r = ce), we get simply 


Do" (£@,b; 2.9) _ 2 Moa 
N N 


M(p,g,e1i;N,R)=R- 
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which are operations only with means. But for (4.16) we have 
Kpn = M(p, en, €2; H, H). 


For arbitrary n this was studied in Kim and Ume (2000). In Toader (2002), 
H was replaced by an arbitrary mean N. In Ume and Kim (2000), the case 
M(p, e2, e+1; G, Ar) was studied. In Liu (2001), also the cases M(p, e1, e2; 
H,H) and M(p,e_,e2;H,H) were studied, while in Kim and Rassias 
(2002), the case M(p, en, ex; G, G) was studied. 


Remark 107. Of course, sometimes M(p,g,r;N,R) is a mean. For in- 
stance, in Kim and Ume (2000), M(p,e-1,en;G,G) is considered, that 
is, G? /Mp,e_,,e, Which is always a mean, namely it is the inverse mean 
Of Mp e_y,en- 


Remark 108. Usually, the authors give the values of some special cases of the 
obtained pre-means. Using them and the recurrence formula given before, we 
can then deduce more such values. Indeed, we have 

R(a,b) 


M(p,q,r;N, R)(a,b) = r(N(a,b) | 


p'(F@or(a),q orth); poqn')). 


If po gq" = €n/2, We get 


M(en/2 07,957; N, R)(a, b) 
R(a, b) 


= ———_.q'! ° o ; 2/n 
= sey! [Fg er(@.q org); en)" ]. 


Knowing the value of f(g or(a), g org(b); €n2), we can calculate the value of 
the pre-mean. 


4.7 SPECIAL PRE-MEANS 


A problem which is also studied for the integral pre-means defined in the above 
mentioned papers is that of the determination of the cases in which the inte- 
gral mean reduces to a given mean. The following general result was proved in 
Toader and Toader (2002a). 


Theorem 105. /f for given pre-means N, R, and S we have 
M(p,q,r;N,R)=S, 


then the following differential relation is verified by the functions p, q, and r: 


1 
(pory(c)- E — N’(c,c)- Ng lc, 0] 
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/ 1 @or)"©), Soo R66) 
—(por)(e)- g Gone 7 
fe.) - Ri (c, ©) 


-Ni(c,c +N (c, 0] 


r(c) 


C2 


=p" (r(c))- | 


ore -[(Si(c,c) — Ry (c, c)) « Np(c, ©) 


+(Sz,(c, c)— R,(c, Cc))- N’ (c, c)]} 
SipkCs€) — RY, (c, ©) 
c 


+p! (r(c)) r(c) - 


- Nj (c, c) 


- [Si (c,c) — Ri (c, 0)] - [Sp (c, 0) — Ry(c, ©) | 


“ Si (c, c)Ri,(c, c) — Ri (c, c)S,(c, c) — 2R,(c, c) [S, (c,c) — Ri(c, c)| 


C2 


Proof. In the given hypotheses we have 


S(a, b) 
R(a, b) 


Fla,bi poa.r)=P( rIN(a, by). 


Taking the partial derivative with respect to a, we have 


fila, b; p.q n= ( -riN(a 1) 
eet am R(a, b) ; 
S' (a, b) - R(a, b) — Ri,(a, b) - S(a, b) 
| [R(a, b)P 
S(a, b) 

R(a, b) 


r[N (a, b)] 


r'[N(a, b)]- Ni(a, »| ’ 


If we take then the derivative with respect to b, we obtain 


” vn ({ S(a, b) 
fay (4, b; p.g.1) = p (Aep iva.) 
S! (a,b) - R(a, b) — Ri(a, b) - S(a, b) 
| [R(a, b) 

S(a, b) 
R(a, b) 
Si (a,b) - R(a, b) — Ria, b) - S(a, b) 
| [R(a, b)P 
S(a, b) 
R(a,b) 


r[N (a, b)] 


r'[N(a, b)]- Ni (a, »)| 


r[N (a, b)] 


r'[N(a, b)]- Ny (a, »| 


| 
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,{ S(a, b) 
+ (Rep riva.0n) 
{ise ee 
[R(a, b)?? 
2R;,(a, b) [S/,(a, b) - Ra, b) = R' (a,b) - set tN. 
[R(a, b)] 
S' (a, b) - R(a, b) — Ri,(a, b) - S(a, b) : ; 
-r[N(a,b)]- b 
+ REDE r'[N (a, b)]- Nj (a, b) 
Si,(a, b)- R(a, b) — Ri (a, b) - S(a, b) ; } 
: b)]- b 
+ RG r'[N(a, b)]- Ni (a,b) 
ea) "[N(a,b)]- Ni(a,b)- Ni(a,b) +r'[N(a, b)]- NY, (a, b) 
Rab U a, NN (a, 0): Ny (a, r a, “Nop a, if. 


For a=b=c, we get 


-r(c)+r'(c)- Nic, 3) 


Si(c,c) — Ri(c, 
ChCP =P o-| alc, C) - (c, ¢) 


; a c) — R,(c, ¢) 
c 


-r(c)tr(c)- N,(c, 0] 


c+ Si,(c,c) + Sy(c, c)R,(c, c) —c- R7,(c, c) — R(c, c)S,(e, €) 
2 


+p" (r(c)) {| 


2R,(c,¢) [Si te, c)— Rie, c)| 
2 


Cc 


Si(c,c)— Ri(c,c) , j 
= -r(c)- N,(c,c) 


|-r@t 
cf S;,(c, c) — Ri (ce, c) 


Cc 


r'(c)- Ni(c, ce) 


c 
+r"(c)- Ni(c,0)- Ni(c,c) #r' (0) Ni (c, 0). 
Replacing the first member by its known expression, we get 


(qor)"(c) 
(qor)'(c) 


-r(e) tr'(c)- N; (c, 0] 


: -(por)"(c) — ; -(por)'(c): 
Si(c,c) — Ri(c,c) 
Paces 


=p" (r(c)): 


S,(c,c) — Ry (c, ¢) 
Cc 
c+ Si, (c, c) + Si (c, c)R,(c, c) — c- Ri, (c,c) — Ri (c, c)S,(c, ©) 
2 


-r(c)t+r(c)- N,(c, 0] 


+p" (r(c)) {| - 


2R\ ’ Si ; —_ R’, , Sy ’ = Ri, ’ 
AG c)[ ae (c O}) de (c,C) - (c,c) 


-q'(c)- Np(c,¢) 


Cc 
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Si(c,c) — Ri(c,c) 
426 b ; 


q'(c)- Ni(c,c) 
Cc 


+q"(c)- Ni(c, 0) Nic, 0) +q/(c) “NU (c, 0). 


Br): [FO] +P CO)-1") = (er 


and 


P (r(c)) -1'(c) = (pory'(c), 


we obtain the desired result. 


Corollary 78. If for given symmetric pre-means N, R, and S, we have 
M(p,4¢.r; N, R)=S, 
then the following differential relation is verified by the functions p,q, and r: 


(qor)"(c) | 8r(c) Si',(c, €) — RM, (c, ©) 
(qory(c)  r'(c) c 


(po r)/(c)+ (po ry (c) | + 8N1.(c, ) =0. 


Proof. As the pre-means are symmetric, we use (2.27). 


Corollary 79. [f for given symmetric pre-means N, R, and S, we have 
M (Pp, en, em} N, R) = S, 


with nm 4 0 and 


a(M) a 
Nin lc, a Raple.c) =-——, ib (Cs c)= 
then 


p(c) = k- cl +8 W)I/n—8 la R)—a(S)1/n?—m 4 


where k and h are arbitrary constants. 


Remark 109. We can deduce all the known special cases published on this 
subject. 


Remark 110. In Kim (1999), it was also proved that in some cases the con- 
ditions are sufficient, thus the author obtained the integral representation of the 
pre-means given by (2.18) and (2.19). 
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4.8 ESTIMATIONS OF SOME INTEGRAL MEANS 


Using (4.1)-(4.3), the arithmetic-geometric mean 4 ® G = ™ can be repre- 
sented as 


M (a,b) = Me_)/p,e1,e)(4, 6) = e1/2 0 e-2(f (a, b; e-1/2, €1, €2)) 
am 


Similarly, in the Chapter | Section 1.8 we saw that the perimeter of an ellipse 
is given by 


20 
L(a,b)= | V.a2 cos? 6 + b2 sin? odd 
0 


= 2m f (a, b; e1/2, €1, €2) = 2 Mey /9,¢1,e7 (a, b) 


2 
=4a-E 1-(2) 
a 


L/2n = Mey )2,¢1,€2 =U 


The mean 


was named in Chu et al. (2011) as Toader mean with reference to the paper 
Toader (1998), and it was studied also in Chu et al. (2012). 

The above two integral means, being related to the elliptic integrals, are the 
most compared and estimated by other means. 

The AGM was evaluated from below in Carlson and Vuorinen (1991) and 
from above in Borwein and Borwein 1(993) by logarithmic means, giving 


LaM = £5). 
Then in Vamanamurthy and Vuorinen (1994), the optimal estimation 
Po<M <Pi/2 
is proved, while in Chu and Wang (2012a), another optimal estimation 
S1j2<M <S 
is given. 


Among the approximations of the perimeter of an ellipse analyzed in 
Almkvist and Berndt (1988) going from that of Kepler from 1609 up to that 
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of Jacobsen from 1985, let us mention that of Muir from 1883. He used for 
L(a, b) the approximation by 27 - P3/2(a, b). 

In Vuorinen (1998), it is conjectured that this is an approximation from be- 
low, which was proved to be true in Barnard et al. (2000). In Anderson et al. 
(2007), it is stated that in the previous paper the upper estimation 27 P2(a, b) 
is also given, but the reference seems to be wrong. Anyway, in Alzer and Qiu 
(2004), the optimal estimation 


cae ' Pe « / 
gp TH ee) < 5 P nz, sr") 


was proved, where r’ = ./1 —r? gives the optimal estimation 
P32 < U < Pin2/in(r/2)- 
Other optimal estimations of the mean U were obtained in Chu et al. (2011): 
T MA <U<T 1, 
in Chu and Wang (2012): 


S,<Uu< S3/2, 


respectively in Chu and Wang (2012a): 
C<U< Gy. 


Other types of estimations were obtained in Song et al. (2013). 
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The arithmetic-geometric mean of Gauss is one of the most fascinating themes of 
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